R- Twisting and 4d/2d Correspondences 



Sergio Cecotti 1 *, Andrew Neitzke 2 ^ and Cumrun Vafa 3 * 

1 Scuola Internazionale Superiore di Studi Avanzati, via Bonomea 265, 1-34100 Trieste, ITALY 
2 Department of Mathematics, University of Texas at Austin, Austin, TX 78712, USA 
3 Jefferson Physical Laboratory, Harvard University, Cambridge, MA 02138, USA 

Abstract 

We show how aspects of the R-charge of M = 2 CFTs in four dimensions are 
encoded in the q-deformed Kontsevich-Soibelman monodromy operator, built from 
their dyon spectra. In particular, the monodromy operator should have finite order if 
the R-charges are rational. We verify this for a number of examples including those 
arising from pairs of ADE singularities on a Calabi-Yau threefold (some of which are 
dual to 6d (2, 0) ADE theories suitably fibered over the plane). In these cases we find 
that our monodromy maps to that of the Y-systems, studied by Zamolodchikov in 
the context of TBA. Moreover we find that the trace of the (fractional) q-deformed 
KS monodromy is given by the characters of 2d conformal field theories associated to 
the corresponding TBA (i.e. integrable deformations of the generalized parafermionic 
systems) . The Verlinde algebra gets realized through evaluation of line operators at 
the loci of the associated hyperKahler manifold fixed under R-symmetry action. 
Moreover, we propose how the TBA system arises as part of the M = 2 theory in 
4 dimensions. Finally, we initiate a classification of M = 2 superconformal theories 
in 4 dimensions based on their quiver data and find that this classification problem 
is mapped to the classification of M = 2 theories in 2 dimensions, and use this to 
classify all the 4d, M = 2 theories with up to 3 generators for BPS states. 
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1 Introduction 



Supersymmetric gauge theories have very special properties which are "protected" 
from quantum corrections by the supersymmetry. There is an interesting spectrum 
of possibilities — at one end we have the case of maximal supersymmetry where 
the theory is very rigid and almost all quantities are protected, while with lower 
supersymmetry quantum corrections affect even the low energy amplitudes. M = 2 
supersymmetric gauge theories in four dimensions offer a middle ground where many 
quantities are protected, but there is sufficient flexibility to include a wide range of 
interesting physical effects. In particular, these theories have a low energy Lagrangian 
which is completely specified by holomorphic data, often computable in terms of a 
Seiberg-Witten curve pQ. 

This is also the case where there is a stable class of states, the BPS particles, 
whose masses are protected by the supersymmetry algebra. These particles are 
generically protected from decay due to the combination of charge conservation and 
conservation of energy. However, as one changes the parameters in the theory, BPS 
particles can in principle decay, when the phases of the central charges of at least two 
of them align in the complex plane. The loci in parameter space where such a decay 
occurs are called "walls of marginal stability" , and the problem of determining the 
spectrum as one crosses them is the problem of "wall-crossing." In fact the possibility 
of such wall-crossing was essential for a consistent picture of the low energy dynamics 
of TV = 2 gauge theory P . 

This situation parallels the simpler case of M = 2 theories in 2 dimensions. For 
massive M = 2 theories one also has BPS particles, in this case kinks interpolating 
between two vacua, whose mass is protected by supersymmetry algebra. The central 
charge is again a complex number, and again the BPS particles can decay when 
two central charges become aligned as one varies parameters. In that context it was 
discovered [2] that the wall-crossing phenomenon can be captured without knowing 
many details of the theory: all one needs to know to predict the spectrum of BPS 
states after wall-crossing is the spectrum of the BPS states before the wall-crossing 
and the ordering of the phases of central charges near the wall. Indeed, the wall- 
crossing behavior is captured by the statement that certain product of matrices built 
from the soliton numbers do not change as one crosses the wall. This structure has 
found a close parallel in d = 4, M = 2 gauge theories. In these theories the jumping 
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phenomenon can again be captured in terms of a certain object which does not jump: 
in this case rather than a finite-dimensional matrix it turns out to be a symplecto- 
morphism of a torus, constructed as a product of elementary symplectomorphisms 
coming from the relevant BPS states. This wall-crossing formula was discovered in 
the context of Donaldson-Thomas theory by Kontsevich-Soibelman in [3]. In jl] this 
formula was proven to give the correct wall-crossing for M = 2 gauge theories. Fur- 
thermore, a more refined g-deformed version (taking into account the spin of BPS 
states), has been advanced in [5,6J, and proven for M = 2 theories which arise from 
M5-branes in [7]. 

It thus becomes very natural to consider the "BPS monodromy" M(q), a prod- 
uct of g-deformed symplectomorphisms corresponding to all of the BPS states of the 
theory (or a fraction of them in case there are extra R-symmetries) . Up to conjuga- 
tion this is a completely wall-crossing invariant object. So we have a simple physical 
question: what invariant information is the BPS monodromy capturingl 

The analogous question has been answered in the case of M = 2 theories in 
d — 2 [2J: viewing the theory we study as a massive perturbation of some CFT, 
the BPS monodromy captures the R-charges of the chiral fields of that CFT. This 
puts severe restrictions on what the BPS spectrum of M = 2 theories can be. In 
particular, the eigenvalues of the monodromy should lie on the unit circle — this 
condition already puts strong constraints on the possible BPS spectra. This led to a 
classification program for M = 2 theories in d = 2. In particular it was shown that 
conformal theories with R-charges less than 1 can be classified using this procedure, 
and correspond to A-D-E Dynkin diagrams: the nodes correspond to vacua and the 
links correspond to kinks interpolating between the vacua (in some chamber). This 
was then related to the minimal M = 2 CFTs in 2 dimensions. It was also shown 
how to use this procedure to classify M = 2 theories with up to three vacua. 

Given the parallel between the 4d and 2d cases, it is natural to ask whether this 
classification program can be imported to the case of M — 2 in d — 4. In particular it 
seems natural to imagine that the BPS monodromy operator is related to R-charges 
of some N = 2 CFT, and that this could be used for a classification program for 
M = 2 theories in 4 dimensions. 

This paper takes some first steps toward this program. In particular, we for- 
mulate what the trace of M(q), and certain fractional powers of it (such as the 
'half-monodromy') compute from the perspective of the 4d path integral. We first 



6 



approach this question in the context of 4d theories which arise from M5-branes, 
using the connection between the monodromy and the topological string previously 
observed for these cases in [7j. We find that the computation of TrM(g) fc is related, 
at the conformal point, to a path-integral computation: 

Z KS (q, k) := Z M=2 [MC q x S] k ] = Tr(M(g) fc ). (1.1) 

Here MC q is the "Melvin Cigar" , defined by 

MC q = (C x S 1 ),, 

where C is the topologically twisted cigar (also used in the story of tt* geometry) and 
as we go around S 1 we rotate C by an angle A s , where q = exp(2ni\ s ). Moreover, the 
other circle of the 4d space is also twisted: as we go around it we twist by g k , where 
g is an appropriate element of the U(l) R-symmetry group of the M = 2 theory 
at the conformal point. Since C is non-compact, the above path-integral requires a 
boundary condition, and we show that this indeed matches a similar choice which 
arises in the computation of the trace of the monodromy. 

However, there are cases of M = 2 gauge theories which are not realized by M5- 
branes. Thus the methods of [7] cannot be applied to them directly. For these more 
general cases we offer an alternative derivation of ( II. ip . As a by-product, this also 
provides an alternative general derivation of the wall-crossing formula for M = 2 
theories in 4 dimensions. 

Our path-integral interpretation of the monodromy leads to several predictions. 
For example, if we have a conformal M = 2 theory where the denominators of the 
R-charges of chiral operators all divide r, ( II. ip implies the prediction that insertion 
of monodromy operator is periodic: 

M r (q) = 1. 

(It is believed that some such r exists for any M = 2 conformal theory.) If \q\ < 1, 
we additionally argue that Tr(M(g)) should give a quasi-modular function of q. 

We consider a number of examples to check these predictions. These include the 
case of Argyres- Douglas models, corresponding to M5-branes with singularities of 
the type y 2 = x n . In these cases the R-charges have common denominator r = n + 2, 
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and the monodromy operator is indeed periodic, in the sense that M k+r = M k (at 
least up to an overall c-number), as is expected from the path- integral argument. 
This investigation, however, reveals a much more detailed story. We find that the 
possible choices of R-symmetry invariant boundary conditions on the cigar naturally 
correspond with the eigenvectors of a Verlinde algebra for an associated RCFT, and 
that the Verlinde algebra itself is generated by the reduction of certain canonical line 
operators of the 4d theory. Moreover, by considering the insertion of line operators 
Xi along the circle in the Melvin Cigar geometry, we obtain different characters of 
RCFT: 

TrY[(X^)M(q) = X nM 

In particular, we find that for the 4d CFT corresponding to an M5-brane with the 
singularity y m = x n , such computations (with M(q) replaced by its m-th root) give 
characters of the level m SU(n) parafermionic systems. When m = 2, using the full 
monodromy M(q) instead of its square root, we similarly find characters of (2, n + 2) 
minimal models for the W sl ^ n ~^ algebra. 

We also discuss M = 2 CFTs which do not necessarily come from M5-branes. For 
example, consider Type IIB superstring compactification on a Calabi-Yau threefold 
X. If X develops an isolated singularity we expect a corresponding M = 2 CFT. 
The singularities of the type f(x,y) + uv = correspond to M5-brane CFTs, but 
these do not exhaust the possibilities — there are more general singularities which 
involve all variables. For example, given a pair (G, G') of A-D-E groups we can form 
a singularity of the type 

W G (x,y) + W G '(u,v) =0. 

The BPS spectra of these M = 2 theories have not yet been computed. However, 
there is a rather natural conjecture. It was observed in jl] that the BPS spectrum is 
naturally associated to a certain integral equation which has the form of a Thermo- 
dynamic Bethe Ansatz. From this TBA one can build a discrete dynamical system 
known as the y-system0 Similar V-systems have been studied in the theory of 
cluster algebras, and in particular there is a family of cluster algebras which are 
labeled exactly by pairs (G,G'). These turn out to be related to Zamolodchikov's 
TBA systems [9] describing certain massive integrable deformations of CFT's in 2 
dimensions. If we identify the F-system associated to these theories with the one 

: A closely related F-system played an important role in jHJ. 
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that would come from [4], we get a prediction for the spectrum of BPS states (in one 
chamber), or equivalently for the BPS monodromy M. The common denominator 
of the R-charges for these conformal theories divides r = h + h', where h, h! are the 
dual Coxeter numbers of G, G'. So combining our conjectures we would predict that 
M obeys M r = 1. Exactly this periodicity has very recently been proven [10], and 
we take this as an evidence for our picture. To be precise, we identify our operator 
M with the h'-th or h-th powers of the operators introduced in (TO]. (Incidentally, 
assuming this conjecture, we actually know both the BPS spectrum and the central 
charge functions for these models — the latter being given by periods of the Calabi- 
Yau threefold; applying the methods of [I] to these data, we would expect to get an 
explicit construction of a new family of hyperkahler metrics, which are not Hitchin 
systems as far as we know.) 

This mysterious relation with RCFT as well as its connection with TBA can 
be explained, at least in some cases, using string dualities. By realizing the gauge 
system in terms of M5 branes and applying various dualities, we map the (G, A m _i) 
geometry to SU{m) gauge groups on C 2 /T where Y is the discrete subgroup of 
SU(2) leading to G-type singularities. It is known that the instanton partition 
function of this theory, according to Nakajima [TTj . form a representation of the 
current algebra of G at level m. This turns out to be consistent with our observation 
that computing the trace of the fractional monodromy for (G, A m _i) pairs leads to 
parafermions of G at level m. Moreover, in the case G = A n -i, applying another 
string duality as in [T2] maps the system to m D4 branes ending on n D6 branes, and 
the bifundamental matter fields gauged by the dynamical SU(m) gauge symmetry 
leads to parafermionic system of SU (n) at level m, again matching what we found 
in computing the trace of the monodromy. This last duality also suggests how to 
identify the 2d space where Zamolodchikov's TBA system pj lives, thus demystifying 
its appearance in the context of M = 2 theories in 4 dimensions. 

Finally we consider the problem we started with: the classification of M = 2 
theories in 4 dimensions. Surprisingly, we find that the classification problem is 
actually related to the exact classification of M = 2 theories in d = 2 dimensions! 
In particular, it seems that some of the results in that context can be borrowed for 
our use in 4d. We offer some explanation of this: when the M = 2 theory has a 
superstring realization, the quiver which captures its BPS degeneracies is the same 
as a quiver governing the M = 2 worldsheet theory. For example, when the M = 2 
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theory arises from Type IIB strings on a singular Calabi-Yau, the 2d worldsheet 
theory is a certain Landau-Ginzburg model coupled to Liouville fields. 

Applying this correspondence, we use the classification program of 2d M = 2 
theories in [2] to initiate classification of the quiver types of possible 4d theories. More 
specifically for BPS spectra which are generated from up to three basic objects in an 
appropriate sense, the classification results of j2] leads to a complete classification 
for the 4d case. In particular, we rule out 4d theories whose BPS spectrum is 
generated from two basic charges 71,72 for which the electromagnetic inner product 
|(7i5 72)| > 2. Similarly, we classify the allowed M = 2 theories with three BPS 
generators. Moreover we find that the 4d theory is conformal if and only if the 
corresponding monodromy has finite order. This mirrors the case in 2d, where the 
monodromy matrix has infinite order for non-conformal theories such as CP n sigma 
models. 

So in this paper we have found two apparently different links between M = 2 4d 
and 2d physics, where the 2d is either part of the target or on the worldsheet. We 
should note that quite a few links between supersymmetric theories in 4 dimensions 
and theories in 2 dimensions are known, and more have been appearing recently 
- e.g. [T3HT9] are some prominent examples. While our constructions here involve 
ingredients which are certainly familiar (reduction on two circles plays a prominent 
role, as does a deformation which resembles the fi-background) , we do not know a 
precise connection between our story and previously known ones. 

The organization of this paper is as follows: In Section 2 we review aspects of 
open A-branes for topological strings and the spacetime interpretation of the open 
topological amplitudes. In Section 3 we review aspects of the construction in [7]. 
Furthermore, we formulate in 4-dimensional gauge theory terms what the (quantum) 
monodromy computes. In Section 4 we show how these results can be generalized 
to arbitrary M = 2 theories in 4 dimensions, regardless of whether they arise from 
M5-branes. In Section 5 we discuss in more detail the structure of the quantum 
monodromy operator. In Section 6 we consider the quantum monodromy and the 
associated TBA system for the ADE type singularities and verify our conjecture for 
this class. In Section 7 we consider a class of examples where the M = 2 CFT's are 
obtained by compactification of type IIB on general hypersurface singular Calabi-Yau 
threefolds. In Section 8, we consider the case of pairs of ADE singularities and the 
associated quantum monodromy. In Sections 9,10 we study the trace of the quantum 
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monodromy operator for both irrational and rational q respectively, for some of the 
examples presented. In particular we see the appearance of RCFT characters and the 
Verlinde algebra. In Section 11 using string dualities we explain why the RCFT's, 
as well as the corresponding TBA system appear in our theories. In Section 12 we 
advance a conjecture relating the 4d and 2d classifications of M = 2 theories. In 
Section 13 we use the 2d classification to classify 4d theories with up to 3 generator 
for BPS lattices, and identify the corresponding theories. For clarity of presentation, 
we postpone various extensions and elaborations of the ideas in the main body of 
the paper to the appendices. 

2 Open A-branes and the physical interpretation 
of topological amplitudes 

While the main statements of this paper are formulated independently of the topo- 
logical string, we will use topological strings as a tool for finding and proving them. 
In this section we therefore review some facts about open topological strings and 
their relation to physical superstrings. 

2.1 The open topological A model 

Consider a Calabi-Yau 3-fold K. For most of our examples K will be non-compact. 
Furthermore, consider a Lagrangian submanifold L C K. We will study the A model 
topological string on K, with M A branes supported on L. As has been shown in [20] . 
the open string sector gives rise in the target space to a U(M) Chern-Simons theory 
on L, where X s plays the role of the (quantum corrected) Chern-Simons coupling 
constant. The partition function will be expressed in terms of 

q = exp(2ni\ s ). 

In the usual approach to Chern-Simons theory with compact gauge group, quantiza- 
tion of the coupling implies that q is "rational" in the sense that 
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for some integer N. In the context of the topological string we usually consider the 
case where q is not rational, corresponding to a more general choice for the Chern- 
Simons coupling (see e.g. [21] ). The meaning of such irrational q has recently been 
clarified from the path-integral viewpoint in [22] . In this paper we will be interested 
in both the rational and irrational cases. 

Were it not for worldsheet instantons, the partition function of the theory would 
simply be 

where 

Z% s (q,M) = J DA ex P (CS(A,X s )). 

Worldsheet instantons give further corrections to Z°^ n [20]. For example, for an 
isolated worldsheet instanton given by a holomorphic disc C, with boundary on a 
curve 7 C L, the instanton correction produces an insertion of the complexified 
holonomy 

W 7 = e -/c fe Pexp J A^j (2.1) 

into the Chern-Simons path integral (where k is the Kahler form on K). 

For more general worldsheets with higher genus and many boundaries, the precise 
form of the corrections to Chern-Simons theory which arise in this way appears rather 
complicated. However, it has been argued [23121] that these contributions actually 
do admit a simple structure. The simplicity becomes most apparent once we embed 
the topological string into the physical superstring, to which we now turn. 

2.2 Embedding in the physical superstring 

We consider Type IIA string theory on the background 

K x M 4 . 

As before we take a Lagrangian submanifold L C K. We now wrap M D4-branes on 

L x R 2 c K x R 4 . 
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The topological string we discussed above computes quantities related to this phys- 
ical string theory. For example, topological amplitudes at fixed genus show up as 
superpotential terms or gravitational corrections. To see the whole topological par- 
tition function appear at once we use the idea in (25] which shows how the partition 
function of closed topological string can be reformulated as a computation in a spe- 
cific background in M-theory. Below we are interested in the open string version 
of the same idea which involves a simple extension of this setup considered, e.g. 
in [26J[27]. 

For this reformulation we need to make a further modification of the target space 
of the physical theory. We begin by lifting to M-theory on 

K x S l x R 4 

so that the D4-branes are replaced by M5-branes on 

L x S 1 x R 2 c K x S 1 x R 4 . 

So far this is not a modification, just another way of describing the same system. 
The desired modification is to replace R 4 with Taub-NUT space, which we denote 
by TN, and in addition make a twist: as we go around the M-theory circle S 1 , we 
rotate TN by \ s . (The word "rotate" is used slightly loosely here: in coordinates 
(z\, z 2 ) which identify TN with C 2 , our action is (z±, z 2 ) —> (qzi, q~ 4 z 2 ).) We denote 
this geometry 

K x (S 1 x TN) q . 
The M5-branes now occupy (see [26|[27]) 

L x (S 1 x C) q C K x (S 1 x TN) q 

where C is the two-dimensional subspace {z 2 = 0} oiTN, metrically a "cigar", and 
the rotation acts by z\ — > qz\. From now on we call this twisted space [S 1 x C) q a 
"Melvin cigar," by analogy to the Melvin universe, and denote it MC q . Let X denote 
this M-theory background, i.e. the geometry plus the fivebrane configuration: 

X = (L x MC q ) cKxiS 1 x TN) q . 
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The partition function of M-theory on this twisted background is nothing but the 
topological partition function: 

^ M —theory 

(X;q) = Z top (K,L;q). 

From now on we will focus on the contributions from the open string sector, Z°^ n {K, L; q). 
2.3 Integrating out the BPS states 

As noted before, Z°^ n (K, L; q) is the Chern-Simons path integral on L, with inser- 
tions corresponding to holomorphic curves C ending on L. We have identified this 
with Z m -theory{X ; q) , and i n that language one can think of the Chern-Simons path 
integral as the integral over some light modes living on the M5-brane. How do the 
instanton corrections appear in this language? The answer is that the effective La- 
grangian for these light modes is not just Chern-Simons: it can receive corrections 
from integrating out massive degrees of freedom. Since we are doing a BPS com- 
putation the relevant massive objects should be BPS; here they are just M2-branes 
ending on the M5-branes. 

In general, integrating out such M2-branes would involve a complicated com- 
binatorial structure (characterized by Young diagrams), since there are M different 
M5-branes among which the various boundaries can be distributed, as has been stud- 
ied in [23l[2l]. We will be mostly interested in the case M — 1, where the structure 
simplifies dramatically 

How do these states contribute to the partition function? We first recall how the 
closed M2 branes contribute in the closed string context [25J: One considers the gas 
of M2 branes bound to the TN geomery, and take into account how each mode of 
the M2 branes constributes to the partition function. The same idea works for the 
open string setup, with the only difference that the open M2 branes are restricted 
to lie on a 2d cigar-like subspace of TN, where the M5 brane occupies. 

So let us consider a single M2-brane, ending on some cycle 7 C L. Upon dimen- 
sional reduction, this M2-brane produces a quantum field $ in the three dimensions 
(S 1 x C) g , with (left) spin s. At fixed "time" (coordinate along S 1 ), any config- 
uration $(24) = Y2 n ^nZi is BPS. Each mode $ n thus gives an oscillator creating 
states in the BPS Hilbert space. First, recall that the partition function is a twisted 
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trace over the BPS Hilbert space, because of the rotation by z\ —> qz\. This rotation 
transforms by a factor g n + s + 1 / 2 . Moreover, the oscillator $ n is charged, which 
also affects its path-integral contribution, as follows. The B field on the M5-brane 
here is a 2-form on L x MC q . Reduction to zero modes along L gives bi(L) U(l) 
gauge fields; in particular, integration over any specific 1-cycle 7 C L gives a specific 
linear combination of gauge fields in MC q , which we call Ay. Denote its holonomy on 
S 1 as e 7 . Then a state containing an M2-brane ending on 7 is weighted by a factor 
U 7 = exp(i9 7 ). So altogether $ n creates a state whose path-integral contribution is 
weighted by a factor g n+s+1 / 2 W 7 . 

The total contribution from our M2-brane is thua^l 

00 

0( 7 , s) = Y[{1 - q n+s+ ^Y~ 1)2s . (2.2) 

n=0 

(Note that this is essentially the quantum dilogarithm.) If we reduce on S 1 to go 
back to Type II, the W 7 appearing here is identified with the holonomy around 7 of 
the U(l) gauge field on the D4-brane. Our naive action for these light modes was 
just Chern-Simons on L; (12. 2p gives an operator which gets inserted as a correction 
into the Chern-Simons path integral. 

Introduce an index a to keep track of the contributions from different M2-branes. 
Each one contributes an operator O a (7, s) of the form ( 12. 21) . with s and 7 depending 
on a. Then altogether what we have found is 

ZgT = Z M _ theory (X) = ( J] 0*( 7 , s)) (2.3) 

a 

where (• • • ) denotes the correlation function of operators in the Chern-Simons theory 
on L. 

2 Note that the top component of the multiplet has spin s + | which determines if we have the 
partition functions of fermionic or bosonic type characterized by the (— l) 2s in the above formula. 
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2.4 The case of one M5-brane on £ x S 

The case of main interest for this paper is when we only have M — 1 M5-brane, and 
our Lagrangian submanifold has the topology 

L = S x S\ 

where S 1 is non-contractible inside K. In such a situation each holomorphic M2- 
brane C a which ends on L is bounding some cycle of £, and sitting at a point t a G S 1 
(parameterize S 1 by < t < 1). 

Viewing S 1 as the "time" direction for the Chern-Simons theory, we can compute 
(12. 3p in the Hamiltonian formulation. If we are dealing with the rational case q N — 1, 
i.e. U (1) Chern-Simons theory at level N, then the Hilbert space "H(S) has dimension 
N 9 , where g is the genus of S. Let 7» G Hi(E, Z): then the standard quantization of 
Chern-Simons [28] gives 

U^U 12 = g <7l ' 72) W 72 W 7l . (2.4) 

So "H(S) is a representation of this algebra, sometimes referred to as the 'quantum 
torus algebra'. 

Then ( 12. 3 P becomes 

Z M -theary{X) = Tr T (jj O a ( 7 , s) (t a ) \ (2.5) 

where T denotes the time-ordered product. This trace does not depend on the precise 
values of the t a , but it does generally depend on their ordering: the reason is that if 
(71,72) 7^ then 

[O(7i,Si),O(T2,« 2 )]^0. 

3 BPS states and R-twisting 

In this section we review and extend the construction of [7] . We will also get our first 
payoff: a prediction relating the spectrum of BPS states in certain M = 2 theories 
to the spectrum of R-charges of relevant operators at the conformal point. 
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3.1 Our setup 



Consider M-theory on flat space 

C 2 XiV x (C, x Rp) x K 4 

(subscripts give the coordinates we will use on the space), with an M5-brane wrapped 
on the locus 

Ex{z = 0,p = 0}x K 4 
where E is a (non-compact) Riemann surface 

E = {/(x, y) = 0} c C% y . 

This gives an Af = 2 theory in the last M 4 [29],[30], where E is the Seiberg-Witten 
curve, and A = ydx is the Seiberg-Witten differential. In what follows we are going 
to use the topological string as a way of getting information about this M = 2 theory. 

First, consider compactifying on two circles, thus replacing M 4 by 

R 4 ~* S 1 x S 1 x M 2 . 

Then further modify the geometry as follows. Let g be some symmetry of C 2 
preserving E (which hence also gives a symmetry of the M = 2 theory in M 4 .) As we 
go around the first circle, we make a twist of by g. We write the resulting space 
as 

C* „ x (C 2 x Rp) x Sj x S 1 x K 2 

(a slight abuse of notation since strictly speaking it is not a product. jf| We still have 
an M5-brane on 

E x {z = 0,p = 0} x Sj x S 1 x M 2 . 

Let us view the last S* 1 as the small "M-theory circle." Then reducing to Type 
IIA we get C 2 , x (C 2 x R p ) x5jx M 2 , with a D4-brane wrapping Ex{z = fl,j) = 
0} x Sg x M 2 . Now comes the surprising move: we divide our space up into 6 + 4 in 

3 Since we will use this language frequently, let us spell it out a bit more: by y x Sg we mean 
C^,y x [0,1] modulo the identification ((x,y),l) ~ (g(x, y), 0). (The rest of the factors arc just 
bystanders.) 
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an unusual way. Write 

K = C* v x R p x 5j, 

leaving; C 2 x M 2 as the remaining 4 dimensions. Our D4-brane now wraps the product 
of L = S x c if and {z = 0} x R 2 . We do not yet specify g or the Calabi-Yau 
structure on K. 

3.2 Topological A model 

So far we have arrived at a threefold K = x K p x Sg with the subspace L = £ x . 
We now consider the topological A model on K, with a brane on L. 

As we reviewed in Section I2.4[ the topological partition function should have an 
expression of the form 

Z^ n (K,L) = TrM (3.1) 

where 

M = T(Y[O a ) (3.2) 

a 

and the O a are the instanton corrections. 

If we choose g = 1, then the story would be particularly trivial: the instanton 
corrections would actually vanish (one way to understand this is that in the physical 
setup we would get higher supersymmetry here), so we would have M — 1. 

Now suppose that g is nontrivial but has finite order, 

9 r = l- 

In this case the instanton corrections are nontrivial, so M ^ 1. Twisting by g k 
(k G Z) instead of g similarly defines an operator Since g r = 1, we have M r = 1. 
On the other hand, we can view the g fc -twisted geometry as obtained by gluing 
together k copies of the g-twisted geometry, and our computation of the instanton 
corrections was purely local in the time direction, so 

M fc = M k . 

In particular, it follows that 

M r = 1. 
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3.3 SCFT 



So far we have not chosen a specific g. Now let us specialize to the case where 
E is singular and our theory in M 4 is actually an M = 2 SCFT. We will consider 
two particular cases of interest: g may be an appropriate element of the R-symmetry 
group of the SCFT, or a certain 'square root' thereof — or more generally a fractional 
power, when there are extra symmetries. 
For concreteness, consider the case 



f(x,y) 



y m - x n . 



It is generally believed that these examples give rise to 4d SCFTs. The case (m, n) = 
(2,3) and its generalization to (2, n) are the original SCFTs studied by Argyres- 
Douglas [3Tj . In this case, following [32] we should assign R-charges to the coordinates 
(x,y), in such a way that / is homogeneous (else we will not get a symmetry) and 
dxdy has charge 1. This is because d9 has R-charge —1/2 and so the prepotential 
T has R-charge 2 (so that J d 4 6J r has R-charge 0), which implies that the BPS 
masses related to a, = dJ^/da, given by integrals of ydx, have R-charge 1. These 
conditions fix the R-charges as 



m 



■r 



in 



m) 



[y] 



n 



m + n 



So we will take g to act by 



[x,y) ->■ (uj m x,uj n y) 



where u) n+m = 1. Then, writing 

C = e p+ ^, 

K is a C 2 -bundle over C£, locally identified with x C 2 y , with the transition 
function 

(C,x,|/)~(e 2 "C,^,^). 

Now we can specify the Calabi-Yau structure of K. We choose local complex 
coordinates to be 

(wi = x + y, w 2 = y-x, C) 
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with the holomorphic 3-form 



f2 = d( dw\ dw2 



and Kahler form 



k 




Note that even though Wi are not global coordinates, k is globally defined (because 
dwidwi = dxdy + dxdy which is invariant under g.) 

One can check directly that our brane, given locally by 



is Lagrangian as it should be. 

One can check that the dimensions and R-charges of the CFT operators are all 
integral multiples of l/(n + m). This can be seen by using the assumption that 
adding any operator to the action will deform the SW curve. Consider an operator 
O a . Deforming the 4d action by 



will deform the SW curve in a way depending on a a . Using the dimensions [x], [y] 
we can read off the R-charge of a a , then also determines the R-charge of O a using 
[O a ] = 2 — [a a ]. Consider for example the cases (2,n). Let us start with the (2,3) 
case. Then the most general deformation we will have is given by 



Using the fact that [dxdy] = 1, we can assign dimensions [y] = 3/5, [x] = 2/5. Note 
that this means the coefficient of the constant term 1 in g has dimension 6/5, and 
that of x has dimension 4/5. These two are dual: the addition of 1 to g corresponds to 
vev of a field of dimension 6/5 and the term linear in x corresponds to the dimension 
of the parameter t which couples to. Similarly monomial dk,ix k y l C g(x, y) will have 
a dimension 6/5 which means that a^j has dimension 



L = Sx{|C| = l}cC^xC 



x 




y 2 - x 3 + g(x,y) = 0. 



[ak,i] 



5 



6 



2k + 31 
5 
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which therefore implies that this should be a mass parameter which couples to a field 



/• 



of dimension 

However, not all I, k are independent. In fact we can get rid of a lot of them by 
field redefinitions. The symmetries of the theory are those which are compatible 
with the SW differential, i.e., they should preserve dx A dy, i.e. they are arbitrary 
symplectic transformations. Let f(x,y) be any function and use it to generate sym- 
plectic transformations on x, y by the usual Poisson bracket. Thus the most general 
transformation which should be viewed as trivial is given by 

{/,y 2 -* 3 } = 2^ + 3* 2 ^ = 
ox ay 

If we take f(x,y) = x m y n this implies that 

2my n+1 x rn ~ 1 + Sna^+V" 1 = (2my 2 + 3ra; 3 ):r m - V" 1 = 

This means that a basis for the chiral rings of this model correspond to the mass 
parameters in front of the monomial given by (using the shift vectors in the monomial 
degrees by (—3,2) and (3, —2)) 

c 3 ,x\ 

where r = 3k — 1 is eliminated. In the above we did not start with 1 because that is 
already the dual vev to Thus the dimension of the corresponding chiral operators, 
as discussed above is given by 

6/5,10/5, 12/5, 16/5,..., (2r + 4)/5,... r ^ -1 mod 3 (3.3) 
For the y 2 = x n models the generalization of these dimensions are (for n odd): 



4 Note that this is the same as the space of physical fields of A2 minimal model coupled to 
topological gravity in 2d [33J (it would be interesting to ask if the correlations of that 2d theory 
have any connection with the 4d CFT correlators). 
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(n + 3, n + 5, .., n + 2k + 1, ...), except k — (n + l)/2 mod n 



n + 2 

(where the first (n — l)/2 terms are the relevant ones (analog of 6/5), and the rest 
are descendant). A similar expression works for n even: 

'n + 4, n + 6, .., n + 2k + 2, ...), except k = n/2 mod n 



n + 2 



Thus we see that for n odd the dimension of R-charges are an integral multiple of 
^2 an d for n even, and integral multiple of In other words we learn that the 
monodromy operator M r = 1 where 

r = (n + 2) n = odd 

(n + 2) 
r = n = even. 

Similarly one can extend these to the more general (n, m) theories. Let d = gcd(m, n). 
Then we find r = (n + m)/d. 

A specially interesting class of theories correspond to where the M5 brane has an 
ADE type singularity. For the type, corresponding to (2,n), we have already 
seen that r = n + 2 for odd n and r = (n + 2)/2 for even n. We can easily generalize 
the above analysis for the dimensions [x], [y] and determine the R-charges for the D 
and E series: 

D n : x n ~ x + xy 2 = 
E 6 : x 3 + y 4 = 
E 7 : x 3 + xy 3 = 
E 8 : x 3 + y 5 = 0. 

For the D n case, we find the common denominator is r = n for n odd and r = n/2 
for n even. Similarly, for the E series we find 
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3.4 Deforming away from the SCFT point 



We cannot compute the topological partition function directly in the above setup, 
because E is singular. We would like to deform away from the conformal point, 
replacing E by 

t = {y m -x n + Yl vV = °}C< r (3.4) 

0<fc<n, 0<l<m 

In the four-dimensional language c^i are parameters which move the theory away 
from the conformal point (Coulomb branch vevs and/or mass deformations). 

Naively this deformation would not be allowed: E is not ^-invariant, precisely 
because the R-symmetry is only present at the conformal point. The construction 
of [M] motivates a way around this difficulty: replace / by 

f = y m - x n + C^^c M xV . 

0<fc<n, 0<l<m. 

The brane L = {/ = 0}is nonsingular, so now we can evaluate the contributions 
from BPS states. It is convenient to change variables to 

x = y = C t n+m y. 

The new x, y are globally defined, and 

f(x, y) = C m (y m -x n + c k,ix k y l ). 

0<k<n, 0<l<m 

So at any fixed £, L looks complex-analytically like a copy of the deformed Seiberg- 
Witten curve E from (13.41) . Moreover, at fixed ( the Kahler form k restricts to 

—ik = dwi A dwi = Qdx dy. 

The BPS states correspond to holomorphic curves C C K ending on L — where 
"holomorphic" refers to the complex structure on K, in which Wi, u>2, C are complex 
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coordinates. Such a holomorphic curve necessarily sits at some fixed ( = e lt , has 
boundary on E, and has 

J k = i( J dxdy = iCZ>0, (3.5) 

where Z is the BPS central charge. We thus see that the phase of the corresponding 
BPS charge correlates with the phase of (, i.e. the choice of point 9i on S 1 . 

As before, let us label the various holomorphic curves C by the index a; they sit 
at various ( a = e lta . According to (12.51) the topological partition function is 

Z^ n (K,L) = TrM 

where 

M = T(l[O a ( 1 ,s)(t a )y (3.6) 

a 

Furthermore, the computation of M is topological and does not depend on the size 
of the coefficients Ck.i which deformed / away from the conformal fixed point. Taking 
the limit Ck t i — > we learn that 

M r = 1. (3.7) 

Now we come to our first payoff: we ask what is the meaning of this result for 
the M = 2 theory on M 4 . The answer is that the holomorphic curves C a ending on E 
give rise to BPS states in that theory, with charge 7, spin s, and phase of the central 
charge t a (as follows from (13. 5p ). So the data that goes into M in (13.61) is simply 
the BPS spectrum of the M = 2 theory; and we have shown that M so defined 
obeys the very nontrivial equation (13. 7\i . This is a remarkable prediction: it says 
that a particular product of operators, built from quantum dilogarithms in a manner 
dictated by the BPS spectrum, is actually trivial ! Later in this paper we will check 
this prediction in various examples. 

Finally we should admit to one gap in the above discussion. When E is singular 
our brane L is Lagrangian. Unfortunately, after the deformation this is no longer 
the case. It was argued in [7] that by taking a suitable limit this problem may be 
avoided (as the worldsheet configurations which detect it become infinite action). In 
later sections of this paper we will propose a scheme for preserving the spacetime 
supersymmetry even in the presence of this non-Lagrangian brane, by introducing a 
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kind of R-symmetry twist as we go around S , analogous to a construction performed 
in [M] in two-dimensional theories. It is natural to expect that this mechanism for 
preserving spacetime supersymmetry also has a manifestation on the worldsheet; in 
other words, there should be some way of deforming the A model which makes our 
deformed brane admit a supersymmetric boundary condition. It would be important 
to clarify this point. 

In Appendix [Bj we generalize the above construction to the case where the am- 
bient C 2 is replaced with a more general hyperkahler manifold. 

3.4.1 The half-monodromy Y, and fractional monodromy K 

In the previous sections we studied the case where g is given by the R-charge twisting. 
More precisely we have 

g = (-l) F exp(2mR) 

where we have to insert a (— 1) F in the path-integral in order to preserve the super- 
symmetry, as exp(27riR) action on bosons and fermions differ by a sign. This leads to 
the insertion of operator M in the topological theory setup. We would be interested 
in taking a square root of this twisting. In other words we wish to define a twisting 
g satisfying 

f = 9- 

We will take 

g = C exp(z7rJi 2 ) exp(inR) 

where C is the charge conjugation operator, and exp(i7rJi 2 ) is a 180° degree rotation 
in the 2-plane, w — > —w (which we identify with the plane of the cigar geometry 
C). The insertion of C in the above guarantees that g does not change the central 
charge Z of the M = 2 algebra. This is because exp(iirR) will change Z — >■ —Z and 
C removes this action. 

Note that at the level of the M5-brane in the Calabi-Yau, when we go around the 
circle, the action of g takes 

dx A dy — y —dx A dy, 
dw — > —dw. 
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This combined operation preserves dx Ady Adw, which is compatible with preserving 
supersymmetry. 

The corresponding operator in the topological string setup we will denote by Y . 
It is the same as going around half the circle and inserting an operator /. Let Si _ 
denote the contribution of the solitons as we go half the circle around: 

s h-o= T ( n ° a ) 

a£half circle 

Then we have the insertion of the operator / which conjugates it to 

2 u 1 2 

Then the half Monodromy operator i^J 

Y = Si „I~/5, i 

2 v 1 2 

and M, the full monodromy is represented by 

r 2 = (/ s h _ )(i s h _ ) = s^s h0 = su = m 

The structure of this operator and how I acts on the topological string fields and its 
generalization to fractional monodromies is discussed in section [5j 

While the half-monodromy operator will always exist for arbitrary M = 2 the- 
ories due to CPT symmetry, in some cases we can also have fractional monodromy 
operators. This can happen if, as we deform the CFT, we can preserve a discrete 
subgroup of the R-symmetry. Suppose we have a discrete R-symmetry away from 
the CFT point which acts on the central charge Z by Z — > exp(27rz/A;) Z. In such a 
case the BPS spectrum and the 5* operator can be similarly decomposed in terms of 
the contribution of soliton in the pie wedges of size 2n/k, and we would expect that 
M = K k , i.e. the we should be able to take a fc-th root of the monodromy operator. 
To preserve supersymmetry, this operation will be accompanied by a —2ir/k rotation 
of the cigar about its tip. The operators Y and K will be discussed in more detail 
in §EJ 

5 Here and elsewhere ~ stands for equality up to conjugacy. 
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3.5 The four-dimensional perspective 

Finally let us reconsider our construction from the purely four-dimensional point of 
view. 

We identified TrM as the topological partition function Z^ n (K, L), which is a 
generating function for certain amplitudes in M-theory on 

C 2 x>y x (C z x Hp) x SJ x S 1 x R 2 . 

However, as we explained in Section [2T2| Z°^ n (K, L) can also be understood directly 
as the partition function of M-theory on a different background, where we replace 
the 4-dimensional space C 2 x M 2 by Taub-NUT space TN, and additionally twist 
by a rotation of TN as we go around the M-theory circle. We can describe this 
partition function in purely four- dimensional terms: it amounts to considering the 
original four-dimensional M = 2 theory not on IR 4 but on 

X = S] x (S 1 x C% 

where now the twisting by g is just interpreted as an internal i?-symmetry twist, 
rather than geometrically. 

4 A purely four-dimensional approach 

Let us briefly recapitulate what we have said so far. Consider an M = 2 field theory in 
four dimensions, obtained as the worldvolume theory on an M5-brane whose internal 
part is a Riemann surface. We argued that: 

• Attached to this theory there is a natural Hilbert space H, which is a repre- 
sentation of an algebra f)2.4p of operators W 7 (both depending on an auxiliary 
parameter q). 

• There is a natural operator M acting on H, which is a product of elementary 
operators of the form (I2.2p corresponding to the various BPS states of the 
theory, taken in the order of the phases of their central charges. 
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• If the field theory has a conformal point, where the dimensions of all relevant 
chiral operators are rational with denominators dividing r, then M r = 1. 

• The trace of M is equal to the partition function of the theory considered on 
the background Sg x MC q . 

Note that the above statements do not refer to the M5-brane, and therefore it is 
reasonable to suspect that they hold generally for any M = 2 theory in d — 4. In 
this section we sketch a re-derivation of these statements for general M = 2 theories 
using purely four-dimensional arguments. As a byproduct, this gives an alternative 
proof of the wall-crossing formula which holds without assuming that the J\f — 2 
theory descends from an M5-brane. 

4.1 Hilbert space and operators 

We begin with a generic M = 2 supersymmetric gauge theory in d = 4. Compactify 
this theory on S l . This yields a three-dimensional field theory, which at low energies 
is a sigma model into a hyperkahler manifold Ai. As discussed at length in [11,35], M. 
admits important canonically defined coordinate functions X 7 , which can be thought 
of as a kind of complexification of the holonomies of the Abelian gauge fields around 
S 1 , or more precisely as the vacuum expectation values of certain supersymmetric 
line operators wrapped around S 1 . From the perspective of the 3d theory, we can 
think of each CIS db chiral point operator. 

We next compactify this three-dimensional theory on the cigar geometry C (with 
an appropriate topological twist, embedding the U{1) holonomy in the SU(2)r sym- 
metry). So altogether we have replaced R 4 by S 1 x C x R ( . This compactification 
reduces the supersymmetry by 1/2. We end up with an effective one-dimensional the- 
ory on WL t with 4 supercharges, with chiral point operators X 1 (z,t) (z 6 C, t G M. t ). 
The operators Af 7 (z, t) are actually independent of (z,t) (up to exact terms involv- 
ing Q-trivial contributions), thanks to the topological supersymmetry. In particular, 
their ordering in t is irrelevant, since they can be exchanged without ever colliding, 
by displacing them in C. 

Next we pass to the quotient 

Y := {S 1 x C)/G x R t 
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where G is a discrete cyclic group. We will consider the case of G being finite and 
infinite. For the finite case, which we take it to be Zjv, its generator acts by a shift 
of l/TV-th around the circle and at the same time rotating C by 2n/N around its tip 
p at z = 0. In the infinite case we replace S 1 by R and mod out by simultaneously 
translating K by a shift and rotating C by an angle 9. In either case the geometry 
is the same as having a C fibered over S l which rotates by 

z — > qz 



In other words, (S 1 x C)/G is just the Melvin cigar MC q . 

In Hamiltonian quantization of the theory, we obtain a Hilbert space of vacuum 
states on MC q . This is our desired "H. 

To get operators on "H, we take supersymmetric line operators of the 4-dimensional 
theory, wrapped around loops in MC q . 7ii(MC q ) is cyclic, with a generator p. Lifted 
to S 1 x C, a generic loop in the class p looks like a little arc which traverses around 
S 1 while going around p by an arclength 9. In the rational case, when q — 1, 
note that p N lifts to the closed loop in S 1 x C which just runs around S 1 , and its 
projection on C can be a constant map to any point. 

Wrapping supersymmetric line operators around loops in the class p gives new 
loop operators W 7 . In order to be supersymmetric these operators have to sit at the 
tip p of C. One quick way to see this is to think of a stringy realization where they 
are Fl or Dl branes, which clearly have to wrap geodesic cycles in order to minimize 
their energy: the shortest arc going around p is one which just sits at p. 

In the case where the theory we consider comes from an M5-brane, the W 7 should 
be identified with the operators we called W 7 in Section [2J In particular, as discussed 
there, they are also complexified in the context of topological strings by including 
the Kahler class. Moreover, the space we here called M. t is identified with the time 
direction in the Hamiltonian quantization of the Chern-Simons theory. 

In the Chern-Simons context we know that the ordering of the W 7 (t) in t matters: 
indeed they obey the noncommutative algebra (12 .4p . How could such a noncommuta- 
tive algebra arise for the from the perspective of the 4d theory? The point is that 
unlike the X^(z, t) which were labeled by points in 3-dimensional space, the ZV 7 (t) are 
labeled just by points on the line. We can use supersymmetry to show that U y (t) is 
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independent of t, except that we cannot pass through singular configurations where 
two of them collide, and now we have no room to move them around one another. 
So U-y need not commute with Uy . 

We would like to argue more precisely that the W 7 obey the analog of (\2A\i : 

W 7l W 72 = g (7l ' 72> W 72 W 7l . (4.1) 

We will show (14.11) directly in a moment, but let us first marshal some indirect 
evidence. First, we have already shown that this commutation relation arises in 
the case where our U(l) r theory that come from M5-branes, but the commutation 
relations are an IR question and hence should be independent of the UV details. 
Second, as a consistency check, note that the above commutation relations imply 
that if q N = 1 then commutes with all Uy. This fits perfectly with our picture: 
a loop operator in the class p N can be moved away from p, so lA^j depends on (z, t) 
rather than just t, and hence we can reorder the t's without colliding with Uy. 

Now we show (14.11) directly in four-dimensional terms. Without loss of generality 
we will consider the case of a single U(l) theory. Let us first consider the theory 
before dividing out by the G action. We consider the effective theory on C obtained 
by reducing from 4 dimensions to 2 along the internal space M. t x S 1 . (So we consider 
the Euclidean time M. t as a spatial direction; we can also consider replacing M. t by 
a circle, but this does not change our argument below.) Let <p 7 {t,z) = logX 7 (t, z) 
be the complexified holonomies along S 1 , which as discussed before are naturally 
supersymmetric operators. From the two-dimensional point of view, we can think 
of them as an infinite collection of chiral fields corresponding to different values of 
t. Choose an electric-magnetic duality frame, so that we have basis elements j e , ^ m 
and corresponding electric and magnetic holonomies e , <p m . The 2d theory then 
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contains a superpotential term of the for 



d 2 zd 2 e [w] ~ / d 2 zd 2 e 

JC 



dt (f) e (t)—(f) m (t) 



It is known that in the presence of such a superpotential, in order to preserve super- 
symmetry on a manifold with boundary, we need to include bosonic boundary terms 
in the action [37]. This has been discussed in detail in [3H] in the case of the cigar; 
as shown there the desired boundary term is 



5S 



W 



dc 



dCxl 



(4.2) 



So we have found that in the theory on M. t x S 1 x C the action includes the boundary 
term ( 14.2[) . Let us return to the original context of the Hamiltonian quantization, 
viewing R t as the time. Then the term (14.21) implies that <p e and <p m are canonically 
conjugate, so [0 e ,0 m ] = i const. To fix the overall constant we can carefully fix the 
constants in all the above equivalences, or use the fact that in this case U e and U m 
should commute, because the line operators are free to move on C . The correct 
answer is the minimal one consistent with this commutation relation, i.e. 



i. 



Now let us pass to the quotient by G = 7*^. This leads to a boundary term which 
is bigger by a factor of N, 



5S = N 



dCxl 



6 This is an analog of the statement that 10-dimensional super Yang-Mills, when reduced to 
four dimensions and written in M = 1 notation, contains a superpotential which has the form of a 
Chern-Simons term [36) ; to see that this superpotential is indeed present, note that (labeling the 
M.t direction as 0, the S 1 as 1, and the cigar as 23) it would lead to the potential 
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which is part of the gauge theory action. 
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and thus to 

[<p e , <f) m ] = i/N, U e U m = qU m U e . 

Similarly, taking q = e 2mK ^ N gives the same story with N replaced by N/K. Fi- 
nally, the irrational case (at least for q a pure phase) can be obtained by successive 
approximations using the rational case. 

4.2 Partition function 

Our next step is to compactify time on a circle, and introduce the R-twisting: so 
now we consider the theory on 



To define precisely what we mean by R-twisting, we apply the approach of |34j . 
to which we refer for more details. That paper discussed supersymmetric quantum 
mechanics with 4 supercharges, which is just what we have here if we dimensionally 
reduce along MC q to 1 dimension. 

The recipe of [M] for the partition function is, roughly, to compute it in the 
Hamiltonian formulation. In fact, we have a time-dependent Hamiltonian, which 
includes delta- function instanton contributions at special times. In the IR limit, the 
computation is projected to the ground states as usual; so at generic times we have 
the trivial evolution in the Hilbert space 7i of ground states, and at special times t a 
we get operators O a (t a ) which mix the different ground states. Setting 



This is the formula we have been shooting for; it just remains to see why O a have 
the form CTl . 

The relevant instantons here are the Euclidean world-lines of BPS particles of the 
4-d field theory, going around the nontrivial loop p C MC q , at some fixed time t. In 
the R-twisted background, supersymmetry dictates that t coincides with the phase 
of the central charge of the instanton in the sense of the supersymmetric quantum 



MC q x SJ. 




we then have 



Z 



TrM. 
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mechanics, which in turn coincides with the central charge of the BPS particle in the 
sense of the original 4-d field theory. So the O a correspond to BPS particles, and 
appear in the order of the phases of their central charges, as they should. 

To see the precise form of O a , first note that we actually get not just one instanton 
for each BPS particle but an infinite tower of them, corresponding to the possible 
quantum states of the particles along C: as in [25], these correspond to holomorphic 
Fourier modes z n on C for all n > 0. The contribution coming from each such particle 
with top component spin s + 1/2 gets weighted in the path- integral by 

q n+s+l/2 ag 

well as by W 7 from the transformation of the wavefunction as the particle goes around 
the loop. 

Now we are essentially ready to apply the machinery of [31] to determine O a . The 
only small additional subtlety here is that we have multiple contributions arising at 
the same t a , corresponding to states of a "gas" of modes attached to the tip of the 
cigar. As we will argue in Appendix |AJ in such a case we get a simple generalization 
of the result of [31], where all the BPS states contribute independently, generating 
bosonic or fermionic Fock spaces depending on their spin: 

oo 

O a =H(l-q n+s+1 /%)^ 2s . 
n=0 

(The rational case is more subtle but can be obtained by taking a suitable limit of 
the above formula, as we will discuss later in this paper.) More precisely, for each 
M = 2 multiplet of the form 

spin(j) Cg) (hypermultiplet) 

we obtain the product of 2j + 1 such quantum dilogarithms, one for each value of 
-j < s < j. 

This is the form we expected; so now we have completed our rederivation of the 
statements we listed at the beginning of this section. 

4.3 Some further predictions 

We can make a number of additional predictions/conjectures about the trace of M, 
based on its path-integral interpretation. 
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4.3.1 Rational case 



Let us first discuss the case q — 1. We have been studying the path integral on the 
geometry 

MC q x S] 

which is non-compact. Thus in order to define % properly, and hence TrM, we 
will have to specify the boundary conditions for the fields on MC q . A convenient 
way to do this is to do it "upstairs", i.e. pass from MC q to the iV-fold cover C x 
S 1 (undoing the quotient), then reduce on S 1 , and fix boundary conditions in the 
resulting effective 3d theory. Recalling that this effective theory is a sigma model 
into the hyperkahler space Ai, let us choose Dirichlet boundary conditions specified 
by a point of Ai. This amounts to fixing the values of all the coordinate functions 
X^, or in the language of the quotient, to fixing the values of US . 

Now suppose we are at the conformal point, so that the twisting by g corresponds 
literally to twisting by the i?-charge. g is realized as a symmetry of Ai (preserving 
the full hyperkahler structure). If we choose our boundary condition to correspond 
to a point which is not a fixed point of the ^-action, then the path integral should 
simply vanish (by the arguments of Witten on twisting by an operator which preserves 
supersymmetry [39]). Thus, in order to get a non- vanishing partition function, we 
will need to choose a boundary condition corresponding to a point of Ai which is 
fixed under the ^-action. In the examples we will see how this prediction is realized. 

4.3.2 General q 

Suppose now we let q be a more general complex number (and it turns out to be 
convenient to take it \q\ < 1). In this case the story becomes rather interesting. 

How should the partition function Z(q) look? Let us view our setup as the 
compactification of the Af = 2 theory on C down to T 2 , where we put twists (q, g) 
along the two circles of T 2 : as we go around one circle we map z — > qz in C, and 
as we go around the other circle we do the internal R-twisting. Since our path- 
integral computation is supersymmetric, it should localize to configurations which 
are constant along T 2 and hence invariant under both twistings. In particular, the 
only field configurations $ on C that contribute should be the ones which satisfy 

$(2) = <b(qz). 
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This looks a bit as if we are replacing C with a torus with modulus q = exp(27rir). 
It is then natural to ask whether the partition function 

Z Y (q) = TiM(q) 

should be expected to be a modular function of q. At least it should be invariant 
under r — > r + 1; in examples we will find that this is true, up to an overall factor. 
However, symmetry under r — > — 1/r is not at all obvious. The reason for this is 
that the field configurations we are considering are really living on the whole cigar 
C, there is no symmetry between the A-cycle of the torus, 7,4 = {z — > exp(2iri)z}, 
and the B-cycle, 75 = {z — > qz}, because the field configurations are inherited from 
the ones on cigar. So, in general, TrM(g) will not be modular invariant, nevetheless 
it should be close to one, because, were it not for boundary effects at the origin or 
the infinity of the cigar, it would have been modular. In the examples we will find 
that, up to multiplication by q c for some c, we obtain objects which are modular 
with respect to the level r subgroup of SX(2,Z) usually denoted as T^r), where r 
is the order of the monodromy operator. We do not have a general explanation of 
this fact, apart for the relation with the RCFT models to be discussed in the next 
subsection. 

One can also consider starting from general q and taking the limit q — y 1. In 
this case at least formally it looks like we are going back to the rational case, where 
(as we just discussed) the W 7 should be localized near the fixed point locus of the 
R-symmetry action. In particular we would expect that when we compute 

Tr W 7 M(g) 

and take the q — > 1 limit, the path-integral should vanish unless (U 7 ) is at the 
fixed points of the R-symmetry action. We will see this happening explicitly in the 
examples. 

4.3.3 Connections with RCFT Models 

In both the rational and irrational cases above we have indicated that the fixed 
points of the R-symmetry action play an important role. In fact, looking at them 
more closely in the examples to follow, we will find a much richer story: the algebra 
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of functions on the set of R-symmetry invariant boundary conditions is naturally 
identified with the Verlinde algebra of a 2-dimensional rational CFT! Evaluating 
these functions on the fixed points thus corresponds to diagonalizing the Verlinde 
algebra. We note that the result is reminiscent of a construction given in [38] in the 
context of minimal Landau- Ginzburg models. In the irrational case with \q\ < 1, we 
will find another connection to the same RCFT's: namely, computing TrM(g), or 
its fractional powers, will give their characters! 

We do have a partial explanation for why and which RCFT's appear for us, 
at least in some examples, based on various string dualities. We will make these 
connections more precise in Section [TTJ after we have presented the examples in the 
following sections. 

4.3.4 Action of the monodromy on line operators and quantum Frobe- 
nius property 

As we take the line operator around the time circle, it does not come back to it- 
self. It will get conjugated by the evolution operator, which is represented by the 
monodromy: 

W 7 Af(g)~ 1 W 7 M(g) 

In the limit that q — > 1 we call this the classical action of the monodromy on the line 
operators. 

Note that the path-integral description of this computation leads to a prediction: 
The operator representing W 7 in the irrational case in the limit q — > 1 is untwisted 
and can be deformed away. In particular that can be identified in the rational case 
q N — 1 with the operator . Therefore we predict that the action of M(q — > 1) 
on Uj is the same as the action of M(q) on when q — 1. This turns out to 
be a highly non-trivial fact and is known as the 'quantum Frobenius property' in 
the context of cluster algebras and quantum groups [ID]. In particular, it gives a 
conceptual unification of many properties observed in exactly solvable models, see 
£-9- [II]- In this paper we shall discuss the quantum Frobenius property in detail, in 
particular for its connections with the Verlinde algebra of RCFTs. 



36 



5 Structure of the quantum monodromy 



In the previous sections we have seen that the monodromy operator M has the form 

M = T H 0( lt s,q)(t BP9 ) (5.1) 

*BPS=0 

where the time-ordering corresponds to ordering in the phase e** BPS of the central 
charge of the BPS states. We write 

0( 1 ,s,q) = ^(q s U, ] q)^ 2s (5.2) 

where the function ^{x; q) is the quantum dilogarithrr^i Quantum dilogarithm is 
uniquely characterized by the g-difference equations 

■qt(qx;q) = (1 - q 1/2 x)~ 1 ^(x; q), ^(q^x) = (1 - q~ 1/2 x) V(x; q), (5.3) 

and normalization condition ^(0; q) = 1. This implies the general identity 

W(x, q" 1 ) = ^{x, q)~ x , (5.4) 

since both sides satisfy eqn. fl5.3p . If q = exp(27nr) with r in the upper-half plane, 
we can write the solution to eqn. (15.31) in terms of a (convergent) infinite product 

oo 

q?( x;q ) = Y[ (1 -q k+1/2 x). (5.5) 

fc=0 

If q is a root of unity (as in the physical Chern-Simons theory) the solution to 
eqn. (15.31) is slightly subtler and is discussed in §. 110.11 

In eqn. fl5.2p W 7 is an operator labelled by a point 7 in some lattice T equipped 
with a skew-symmetric integer valued pairing (•, •) so that the commutation relation 
between the Ll^s is given by eqn. fl4.ip . We shall refer to the non-commutative algebra 
generated by the W 7 's with the relations (14. ip as the quantum torus algebra. 

Our definition of the quantum dilogarithm differs slightly from other definitions in the lit- 
erature. Explicitly, *&(x;q) = ^(x/^fq), where ^(-) is the function defined in ref. [42] and 
^(x;q) = ^ q 2 (— x)^ 1 , where ^f q (-) is the function defined in ref. [40] . 
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In the physical CS theory the £Y 7 's are unitary and q is a root of unity. In 
this case, the quantum torus algebra has an anti-automorphism given by Hermitian 
conjugation 

W 7 ^ U- 1 = W_ 7 , q^q-\ (5.6) 

This transformation is an anti-automorphism of the torus algebra even for \q\ ^ 1, 
although it is not Hermitian conjugation any longer. We shall denote it by a dagger. 

The form of the operator M, eqn. fl5.ip . is further restricted by PCT. Indeed, the 
BPS states with phase £bps + ^ are the PCT conjugates of those with phase £bps- 
Write S(t',t) for the time-ordered product 

t' 

S(t',t)=T ft m^U.-q)^ 28 . (5.7) 

*bps=* 

Then PCT relates S(t' + ir, t + 7r) with S(t,t'). S(t',t) is an element of the (quantum 
version of the) Kontsevich-Soibelman group [3], and, as discussed in [M] for the 2d 
case, the map S(t', t) — > S(t' + tt, t + n) should be a group homomorphism which, in 
the case of physical CS, is induced by PCT and hence inverts the signs of all charges. 
The Hermitian conjugation f is an antt-automorphism, so, just as in 2c?, we have to 
compose f with the inverse to get a true group automorphism 

S(t' + n,t + n) = (S(t',tyy\ (5.8) 

and the monodromy M reads 

M = S(2tt, tt) S(tt, 0) = (5(tt, O) 1 )" 1 S(ir, 0) (5.9) 

in terms of the half-circle time-ordered product .S^O). 
One has 

t' t' 
(Sit'rfy^T J] ^U-^q- 1 )^ 1 ^ = T J] *(q- s U^;q)^ 2a , (5.10) 

*BPS=* tBP3=t 

where we used the identity (15. 4p . Thus the net effect of PCT is just to invert the 
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charge 7^—7 and the sign of spin s -B- — s@ 

5.1 Explicit form of the half-monodromy Y(q) 

As already noted in 13.4.11 we can take a square root of M. Here we show how this 
is implemented. Since all the BPS operators come with all the allowed values of 
s between —j<s<j, the net effect of having the second half of the monodromy 
operator is simply to reflect 7 — > —7. In particular let us define the operator I acting 
on the quantum torus algebra by 

IUy = IL^I =U~ 1 I. 

Note that this is the same as the action of the charge conjugation operator C on the 
line operators, replacing each particle with the particle in the conjugate representa- 
tion. Then the half-monodromy operator Y(q) can be defined by 



7T 

Y(q) = I -t[ J] 0(rf,s,q)(t BP9 j\. (5.11 



where Y is well defined up to conjugation. From what was just said, it immediately 
follows that 

Y 2 (q) = M(q). 



5.2 Fractional monodromy K(q) 

In the above we have used the general CPT symmetries of M = 2 to refine the 
monodromy to a half-monodromy. More generally, as already noted in 13.4.11 this 
idea can be used to obtain fractional monodromies for special theories with extra 
R-symmetries. Suppose we have an M = 2 system which has an extra R-symmetry, 
say a symmetry generated by an element h, which acts on the J\f = 2 central 
charge Z by a action: 

hZh^ 1 = exp(2ni / k) Z 

8 PCT holds in the physical theory, that is for \q\ = 1. We shall use the same expressions for M 
(analytically continued) even if \q\ < 1, since they correspond to the expressions obtained from the 
topological theory in the previous sections. 



39 



Such a symmetry also acts on the line operators Xi by an order k operation, 

h(Xi) = hXihr 1 

which is not universal and depends on the symmetry in question. Let S(t', t) be the 
time-ordered product of all \I/'s for BPS states with phase between t and t' . Then 
one has 

S(t' + 27r/m, t + 2n/m) = hS(t', t)h~ l 

Let 

S = S(2ir/m,0), K = h- 1 S. 
Then it immediately follows that the full monodromy M is given by 

M = S(2ir, 2?r(l - 1 /m))S(2n(l - 1/m), 2tt(1 - 2/m)) • • • S(4n/m, 2vr /m)S(ir /m, 0) 

= [h k - l Sh l - k }[h k - 2 Sh 2 - k ] ■ ■ ■ [hShT^S = (h^Sf, 

that is, 

M = K k . 

In other words we can take the fc-th root of the monodromy operator in such cases. 
This operation will be useful in the context of some of the examples that we will 
consider. 

In the context of 4 dimensional geometry, just as in the case of half-monodromy, 
in order to preserve supersymmetry, as we go around the R- twisted circle, instead 
we now include the action h accompanied by rotation of the cigar around its tip by 
-2-ir/k. 

5.3 Action of BPS operators on the line operators 

From the above expressions it is obvious that the action of the monodromy M on 
any line operator, i.e. any operator O in the quantum torus algebra, 

O -»■ M~ l OM (5.12) 
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can be obtained by a (time-ordered) sequence of 'elementary' transformations of the 
form 

O ^(g s W 7 ;g) Tl C^(g s W 7 ;g) ±1 . (5.13) 

In particular, 

W 71 ^v[/( g ^ 72 ;g) Tl W 7l vI/(g s W 72 ;g) ±1 = 

= W 71 <%<-»••»>+• W 72 ; qr l ^(q s U l2 -q) ±l = 

'Uy, (1 - q s+l l 2 U l2 ) ±l {l - g s+3 / 2 W 72 ) ±1 •••(!- q s+{l2ai) - l,2 U l2 ) ±l (T2,Ti> > 
W 71 (1 - q s -^U^\l - q s -*' 2 U 12 )^ ... (1 - g-KT^I+l^JTl 7l) < . 

(5.14) 

In order to construct the action of the quantum monodromy M, and more gen- 
erally the wall-crossing maps, one has to work out the combinatorics of many such 
non-commuting 'elementary' operations. A priori, for a generic Ad J\[ — 2 theory, 
this combinatorics may be quite intricate. However, there exists a large class of in- 
teresting models in which the combinatorics may be elegantly organized in terms of 
some recently developed mathematics known as cluster algebras. 

In this special class of theories, the combinatorics of the wall-crossing jumps may 
be re-expressed in terms of the combinatorics of quivers, as discussed in section [6j 
It is possible that this elegant class actually exhausts all 4d M = 2 theories. 



6 Quivers, ADE, and TBA 

Let us first recall the description of a quiver Q attached to a 4d M = 2 theory. The 
vertices of Q are labelled by basis elements {74} of the charge lattice T. If (7^ 7^) > 
we draw (7^ jj) arrows i — > j, whereas if (7^ jj) < we draw | (7^ 7^) | arrows % •<— j. 
The quiver Q is not uniquely defined; it depends on a choice of basis in the charge 
lattice T. Changing the basis {7^} —> {7^} we get a different-looking diagram which 
encodes the same quantum torus algebra. 

Quivers have occurred in the M = 2 literature before: indeed, for many theories 
one can write down a supersymmetric quiver quantum mechanics which captures the 
spectrum of BPS states. See jl3] for a discussion close to our current perspective. 
This quiver quantum mechanics has a gauge group for each node and a bifundamen- 
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tal matter field for each arrow, as well as (possibly, in the case where the quiver has 
closed loops) a superpotential. In other words, we can view the nodes as building 
blocks for BPS bound states, and that every BPS states can be labeled by a positive 
linear combination of nodes (related to the rank of the gauge group at each node). 
These quivers are generically more complicated than the Q we defined above, which 
by construction never contains 1-cycles (adjoint fields) or 2-cycles (pairs of arrows 
i — y j and j — > i). However, there is a sense in which we can reduce any quiver 
quantum mechanics to one governed by a simple Q: namely, we deform the super- 
potential of the model to give mass to as many bifundamentals as possible. This 
process eliminates all 1-cycles and 2-cycles, by "cancelling" pairs of arrows running 
in opposite directions. This process may change the BPS spectrum, but since the 
monodromy M is topological, we expect that it will not be changed. So as long as we 
are only interested in M we may as well reduce to the Q. Note that we may thus as- 
sociate to such a quiver an integer-valued skew-symmetric matrix Bij, counting the 
number of arrows between the nodes, taking into account orientation. B^ is called 
the exchange matrix of the quiver. The quantum torus algebra (14.1 p is conveniently 
encoded exactly by such a quiver Q. 

As already noted, Q is not uniquely defined: there is some freedom to choose 
the basis of charges. If we are interested in using Q to compute the BPS spectrum, 
though, we cannot make completely arbitrary changes of basis: rather we should re- 
strict our attention to a special class of basis changes, the so-called quiver mutations, 
which physically get interpreted as Seiberg duality (albeit reduced to 1 dimension), 
as used e.g. in [33]. Concretely, one defines a basic mutation fj,k(Q) of the quiver Q 
at the k-th vertex by performing the following two operations |45j : 

1. reverse all arrows incident with the vertex k\ 

2. for all vertices i ^ j distinct from k, modify the numbers of arrows between % 
and j as shown in the box 
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Q 



r+st 



r—st 



where r, s, i are non-negative integers, and an arrow i j with / > means 
that / arrows go from i to j while an arrow i A j with / < means |/| arrows 
going in the opposite direction. 



Notice that the definition implies that [if. is an involution: 

(fi k ) 2 = identity. (6.1) 

Two quivers are said to be in the same mutation-class (or mutation-equivalent) if 
one can be transformed into the other by a finite sequence of such quiver mutations. 

It is interesting that exactly the same type of quiver appears in the discussion of 
massive M = 2 theories in 2d [2], and this is one of our motivations to conjecture a 
general 4d/2d correspondence in §.[T2l 



6.1 Mutation operators and cluster algebras 

In the 4d case, to each vertex i of the quiver Q there is associated an element of the 
quantum torus algebra namely U lv Since {7^} is a basis of T, the Ui generate the 
quantum torus algebra. We focus on the special class of N = 2 models discussed 
at the end of Section [51 and make the change of notation from the complexified line 
operators Ui — > —Xi, which is more customary in the context of cluster algebras. 

The mutation of the quiver at the vertex k, fik, corresponds to a change of basis 
in T, hence a change of the associated generators of the torus algebra which explicitly 
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readsj 

Xi -)• X[ = q~^ k) ^.7*>] + /2 x 4 xl (7l ' 7fc>]+ i ^ k (6.2) 

X fc ->Xi = V, (6.3) 

where [a} + = max{a, 0}. 

We will be considering 'cluster mutations in the context of cluster algebra' [4~6]|4"T] 
(see refs. [HlllHllIH] ^ or rev i ews )> which we will momentarily define. For us it is 
especially important to consider the quantum version of these algebras |4"D1 1501453] . 
Begin with some quiver Q and the associated generators of the quantum torus algebra 
{X k }. A cluster algebra is the algebra generated by the X k and all its mutations 
by the monodromy operators, as discussed in §. 15.31 For various applications it is 
convenient to define combinations of the above change of basis mutation of the quiver, 
and the action of the BPS states on the line operators. Namely, the (quantum) 
cluster-mutation at the k— th vertex is defined by 



Q k : X 3 ^ *(-X k ; q)- 1 fi k (Xj) *{-X k ; q) (6.4) 

(and so it is — up to the change of coordinates fi k — precisely our 'elementary' 
quantum transformation (I5.14p .) The combination of 'elementary' quantum trans- 
formation and change of coordinates has the property that (Q k ) 2 = identity, [ID]. In 
fact, using the Q k s instead of our old 'elementary' quantum transformations simpli- 
fies the combinatorics and will make manifest their relation with the Thermodynamic 
Bethe Ansatz (TBA). For instance, consider a model with a quiver Q whose vertices 
are either sinks (no outgoing arrows) or sources (no ingoing arrows). The monodromy 
has typically the form (up to conjugation) 

M= J] V(-X^q) H^i-Xr^q) J] 9(-X k ;q) J[ 9{-X f ,q) = 

sources sinks sources sinks (6 5) 

= ( II fcn-Xk-,q) n 2 = ( II 2 * II Q ^ 

sources sinks sources sinks 



9 The overall power of q 1 / 2 in the RHS of eqn. (|6.2p corresponds to the definition of the 'normal 
ordered product', so that the RHS is just X Ji+ ^.^ k ^ +lk . 
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where fik is the operator in the quantum torus algebra such that 

fikXjfi k = fik(Xj), (6.6) 

(which just inverts Xk if the fc-vertex is a source). 

The 'square-root' of the monodromy, f] sourccs Qk risinks^i' ma y De identified 
with the half-mono dromy Y(q). Below we shall see how the combinatorics of the 
cluster-mutations will automatically organize the monodromy M(q) in the form of 
the right power of the fractional monodromy K(q) whenever the 4d SCFT has a 
discrete symmetry of the kind discussed in §. 15.21 Thus, the cluster-algebra formalism 
seems to capture some of the essential features of the physical system. 

6.2 Simply— laced quivers 

Assume the quiver Q is simply-laced, that is | (7$, 7-,) | < 1 for all i, j. In this case, the 
quantum monodromy has a simpler structure. The case of v4 n _i-quiver, is already 
known to arise in the context of Argyres-Douglas theories, of the form y 2 = x n . We 
suggest that the D and E quivers arise similarly. For the A n _i case there is one 
chamber of moduli space where the BPS spectrum can be described elegantly as 
follows [54]: the BPS states correspond simply to the nodes of the Dynkin diagram 
A n _i, and the inner products between their charges are given by the (antisymmetric) 
reduction of the Cartan matrix. Thus the quiver Q is the A n _i Dynkin graph with the 
arrows oriented in such a way that even (resp. odd) nodes are sources (resp. sinks). 
The monodromy then should have the 'cluster' form (j6.5P ; the order of factors in 
eqn.f l6.5p agrees with the BPS phase assignements found in ref. [5l] (for y 2 = W(x) 
with real roots for W(x) = 0). 

We conjecture that for the D n , and similarly the three E cases, there is a chamber 
where the BPS states are in 1-1 correspondence with the quiver nodes, and the 
ordering of their central charge is such that the BPS states associated to even nodes 
appear together, and odd nodes together. For the BPS spectrum in such cases, one 
can say something using the approach of [SUES]: in the dual type IIB setup, the 
BPS states are special Lagrangian 3-cycles in the local CY 3-fold geometry given by 
f(x, y) + u 2 + v 2 = 0, and viewing the local threefold as a G singularity fibered over 
C (with the generic fiber resolved), one sees that the charges of such 3-cycles belong 
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to the root lattice of G. What is not established is whether there is some chamber of 
moduli space in which the only charges supporting BPS states are the simple roots. 

The A n _\ theories were also studied in [35]. In that context the fact that the 
classical monodromy has the right order, namely M n+2 = 1 is a relatively easy 
consequence of the description given there (it follows from the geometric realization 
of M as a rotation in the plane.) Below we will see that this extends to the quantum 
monodromy as well, confirming our prediction. We will also show that with the 
assumption of the degeneracy for the D and E series, the quantum monodromy 
works as expected also in these cases J*°l 

In the quantum torus algebra we have introduced a 'normal ordered product' 
N[-..] 

W 7+y = N[Ufo] = (g- 1/2 ) <7 ' y> W 7 W y , (6.7) 
which is associative and commutative 

N [Uy N[U Y U r }] = N [N^yUf] Uy>] , NlU^Uf] = N[U y Uy] . (6.8) 



For |(7i,7j)| < 1, eqn. fl5.14p reduces to 

W 7l ->N[(1- g s W 72 ) ±<72 ' 7l> W 7l ], (6.9) 

where the rational map inside the bracket is the classical 'elementary' symplecto- 
morphism generated by the element q s U l2 in the classical torus algebra [3]. Since 
the normal ordered product is associative and commutative, this relation between 
classical and quantum remains valid for any composition of such 'elementary' trans- 
formation, and in particular for the monodromy M. Hence, for models associated to 
simply laced quivers, the quantum monodromy M has the same action as the classi- 
cal monodromy up to the replacement W 7 — > q Sl U^ = — X 7 and the normal ordered 
prescription on the quantum operators. 

In particular, if the classical monodromy, seen as a rational map X 1 — > X' has 
order r, the quantum monodromy must also have order r. Thus the A n _i case works 
as predicted. Below, we will provide an alternative derivation of it which applies to 
all the ADE cases using results known for cluster algebras. In order to do this we 

10 We thank Bernhard Keller for informing us that this is in fact an example of a more general 
statement, which holds for any bipartite quiver whose underlying graph is a tree. 
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will need some machinary. 

In the ADE case, let us consider the chamber where we propose that the BPS 
states are in 1-1 correspondence with the nodes of the quiver. Let = X lt (£ = 
1,2, ... , m) be the operators associated to a basis of T. Write 

Rk'- Xi — > Rk(Xj)n 

for the map induced by the adjoint action of \&(— X k \ q) 

^(-X^q)- 1 X^(X k ;q) = N[R k/ (-X 3 )}, (6.10) 

and I for the inversion rational map I: Xt — > \jXi. Then the quantum monodromy 
of a simply laced quiver in this basis acts as 



M ; .V/.\/ = N 



(IoR kn oR K _ 1 o...oR 1 f =N[Y 2 ], (6.11) 



where the R ki are time-ordered according to the BPS phase and the square stands 
for the reiteration of the rational map in parentheses. This connection between 
half- monodromy Y and full monodromy M was already explained in § 15. ll^ 

We will first study the simplest Argyres-Douglas theory given by the A 2 quiver, 
and then generalize it to all the ADE cases. 



6.2.1 Example: the A 2 model 

As a first example, we consider the quiver Qa 2 whose underlying graph is the A 2 
Dynkin diagram 

Q: 1 < 2 . (6.12) 

Thus X\X 2 = q~ 1 X 2 Xi, while the quantum monodromy, up to conjugacy, reads^fl 

M = vP(-X i; q) v&(-X 2 ; q) ^(-Af 1 ; q) ^(-X 2 l ; q). (6.13) 

11 The quantum monodromy for the non-simply laced case can also be done using a trick known 
as diagram folding, which will be discussed in Appendix [C] 

12 We use the fact that the spin is zero for all BPS multiplets, as follows from [54]. 
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The corresponding actions of $'s on Xj are given by 



Ri 
R 2 

IoR 2 oR 1 
M 



{X 1 ,X 2 ) -»• (X 1 ,X 2 /(1+X 1 )) (6.14) 

(X 1 ,X 2 )^ (X 1 (1 + X 2 ),X 2 ) (6.15) 

(X U X 2 )^ ((X 2 + 1)/(X 1 X 2 ),X 1 /(1 + (X 1 + 1)X 2 ))) (6.16) 

(X h X 2 ) -> ((l + XjX^X?). (6.17) 



The map (I6.17P associated to M is a celebrated rational map appearing in many con- 
texts. To set it in a more canonical-looking form, let us define a sequence of rational 
functions u k (Xi,X 2 ) (where k G Z) by iterating the monodromy transformation: 

M-P-VX^M*- 1 = u k (Xi,X 2 ) (normal ordered). (6.18) 

One has u\ = X 2 _1 , u 2 — X±, and the recursion relation 

u k +2U k = (1 + t*fc+i). (6.19) 

The sequence 

1 + U 2 1 + Mi + U 2 1 + Mi 

•••,Wi,u 2 , > > ,u h u 2 ,--- (6.20) 

Mi MiM 2 M 2 

repeats after 5 steps, u k+5 = u k . Hence the quantum monodromy has order 5, and 
M 5 is a central element in the A 2 quantum torus algebra. This is as expected for 
the Argyres-Douglas theory given by the singularity y 2 = x 3 . 

Define (a = 1,2) 

[uu if k = a mod 2 
Y a (k) = { (6.21) 
I Mfc+i if k 7^ a mod 2. 

Y" a (A;) is a solution to the Zamolodchikov Y -system associated to the thermodynam- 
ical Bethe ansatz (TBA) for the A 2 solvable 2d model [H] . 

The identification between the solution to the Zamolodchikov F-system for the 
solvable model associated to a Dynkin diagram of the ADE type [9] and the rational 
map whose normal ordered version gives the quantum monodromy M extends to all 
examples as we show in §. 16.31 and §.|HJ 
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Write X k (k G Z) for the normal-ordered quantum operator corresponding to the 
rational function u k . (These five functions also play a privileged role in the physics 
of the corresponding M = 2 theories, namely they correspond to five distinguished 
line operators [56] .) One has the commutation relation X k+ iX k = qX k X k+ i and, 
from eqn.f l6.13j) . 

M = *(-X k ) *(-X fc _!) *(-X fe _ 2 ) *(-X fc _ 3 ) (6.22) 

where the RHS is independent of fc thanks to the (quantized version of the) recursion 
relations (I6.19p . Using the independence on k, it is elementary to check 

X k M = MX fc _ 4 = MX k+l , since X k+5 = X k . (6.23) 

The two last equations give an alternative, and more symmetric, way of understand- 
ing the action of the monodromy M on the quantum torus algebra. 



6.3 The ADE models in the canonical BPS chamber 

The above analysis for the A 2 model may be extended to a large class of theories 
whose quiver is based on an ADE (simply-laced) Dynkin diagram, which arise from 
the M5 brane having the corresponding singularity. In a given theory in general 
one gets a full class of mutation-equivalent quivers; they correspond to different 
BPS chambers separated by walls of marginal stability; one passes from one to the 
other with repeated application of elementary mutations. The mutation-class is 
finite precisely for the classes of the ADE quivers. In this case there is a 'canonical' 
chamber in which the quiver is the Dynkin graph with only sinks and sources^! 
to which eqn. fl6.5p applies. Formulae for M valid in an alternative chamber are 
presented in Appendix ID1 

An ADE quiver Q is, in particular, a tree and hence a bipartite graplj^l. In other 
words we can assign a parity to each node. Most of the following considerations hold 
for any such bipartite quiver. We number the vertices of Q in such a way that even 
(resp. odd) ones correspond to V + ± (resp. V-i). We have Qo = V+i U V_i. We orient 

13 We say that a node k is a source (resp. a sink) if there are no ingoing (resp. outgoing) arrows 
to k. 

14 Qo stands for the set of vertices of the quiver Q. 
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the quiver in such a way that the even nodes are sources, while the odd ones are 
sinks. Hence the exchange matrix bij has the form 

{> i even and j odd 
< i odd and j even (6.24) 
otherwise. 

The order of the elementary factors in the quantum monodromy is first the ty(q Sk Uk] q) 
with even k and then those with odd k (notice that even/odd U k s commute between 
themselves, so there is no need to further specify the order). To simplify the com- 
parison with the TBA F-systems, it is convenient to set 

X k = -q Sk U k . 

Then 

m = ( n *(- Xfc ' 9) n *(~ x ^ i) i) ■ (6.25) 

fc^O k=l 
mod 2 mod 2 

To simplify this expression, we enlarge our system, making the central element q of 
the quantum torus algebra a dynamical variable (which we shall fix to its numerical 
value at the end of the computation). Then the inversion automorphism of the 
enlarged algebra, /, may be written as 

I = I+i- I-i (6.26) 



where I e (e = ±1) is the enlarged algebra automorphism 

I £ : (X k ,q)^(X-^- 1)k ,q- 1 ), (6.27) 

namely, I+i (resp. J_i) inverts just the even (resp. odd) variables, while making 
q — > q^ 1 to preserve the quantum torus relations. Up to conjugacy, the quantum 
monodromy f l6.25|) may be rewritten as 

M=[L +l L.^\ (6.28) 
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with 

L e = I- e J] ^(- X ^Q) £ (6-29) 

(-1)*=6 

where we used the identity ( 15.4ft . We define the classical rational maps r £ by 



r^:X k ^L~ 1 X k L e 



classical limit 

k 



V n ( -i),= £ (l + if (-1)- = -e 

X k otherwise (6-30) 

X" 1 n ( -i),= £ (l + Xj)- C » if (-1)' = -e 
Xfc otherwise, 

where we used eqn.( l5.14"]) . and C k j is the (symmetric) Cartan matrix for the ADE 
Dynkin diagram 

C kj = 2 5 kj -{-l) j { lhlk ). (6.31) 
Then the quantum monodromy M for the canonical ADE quiver is 

M~ l X k M = N[(r^r +1 ) 2 (X k )] (6.32) 

Setting, for all s G Z> , 

Vfc(s) = r_!r + ir_ir + i ■ ■ • r ±1 (X k ) (6.33) 
v v ' 

s times 

we get a solution to the Zamolodchikov F-system associated to the given Dynkin 
diagram 

Y k (s + 1) Y k (s - 1) = J] (1 + Y k (s))~ Cki . (6.34) 



It is known [9],H7],|57] that the order of the rational map t_t + is (h + 2)/2 if 
cjo = — 1 arid h + 2 otherwise, where h is the Coxeter number of the given Dynkin 
diagram and uq is the element of the Weyl group of maximal length. Given that the 
physical monodromy M is the square of t_iT_|_i, and that a Lie algebra has Uq = — 1 
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algebra 


h + 2 


exponents 


order M 


A n n > 2 


n + 3 


1,2,3, ... ,n 


J n + 3 n even 
j(n + 3)/2 nodd 


D n n > 3 


2n 


n — 1, 1, 3, 7, . . . , 2n — 3 


\ n/2 n even 
In n odd 


E 6 


14 


1,4,5,7,8,11 


7 


E 7 


20 


1,5,7,9,11,13,17 


5 


E 8 


32 


1,7,11,13,17,19,23,29 


8 



Table 1: Order of the quantum monodromy M for the ADE theories. 



iff h is even and all the exponents mj are odd [39] , we have the periods in table [TJ 
This agrees with the predictions made in §.[3j This not only supports our conjecture 
for the BPS structure of the D and E series, but it is also a confirmation of our 
general picture for the order of the monodromy group and its relation to R-charges. 

7 Generalization to Hypersurface CY Singulari- 
ties 

In Section [3] we focused on M = 2 theories which can be viewed as the theories 
on M5-branes with worldvolume E x I 4 . The conformal points in moduli space 
correspond to E developing singularities. 

The same theories could also be obtained as in [291160] by compactifying type IIB 
on local Calabi-Yau 3-folds of the form 

f(x,y) +u 2 + v 2 = 0. 

However, this is not the most general form that a local Calabi-Yau threefold can 
have, even if we restrict to hypersurfaces in C 4 . In particular, we are interested in 
conformal M = 2 theories. Such a theory would come from a quasi- homogeneous 
hypersurface singularity, and more specifically, one which can appear at finite dis- 
tance in the moduli space of a compact Calabi-Yau. (As previously, the need for 
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quasi-homogeneity follows from the existence of the R-symmetry at the conformal 
fixed point.) 

So what are the possible such singularities? The answer to this question is known 
[61] and also derived in [62] (see also [51]). Consider a threefold given locally by a 
hyper surf ace 

W{xi) = 

where i — 1, . . . , 4. Suppose W is quasi-homogeneous, so that for some we have 

W{\ qi Xi) = XW(xi). 

Then this singularity is at finite distance in Calabi-Yau moduli space if and only if 

4 4 

c:=4-2^gi<2, i.e. J^ft > 1. 

i=l i=l 

Note that any quasi-homogeneous singularity of the type f(xi,x 2 ) + x\ + x\ = 
satisfies this condition (since we will have g 3 = g 4 = 1/2 in this case). This recovers 
the cases we already discussed. But there are more general possibilities. For example, 
we can take any pair of A-D-E singularities: letting G stand for some simply-laced Lie 
algebra, and Wq the corresponding quasihomogeneous polynomial, we may choose 

W = W G {x 1 ,x 2 ) + W G ,{x 3 ,x 4 ) 

since Wq and Wq 1 each separately contribute c < 1. So for each pair (G, G') we 
expect an M = 2 SCFT in 4d. These are only a subset of the possibilities; for 
example, 

W = xf + x\ + x\ + xf 

is not of this type for generic iV but still satisfies c < 2. 

Let us now discuss the R-charges in these examples. Since BPS masses are periods 
of the holomorphic 3-form (F| i dxi)/dW, we see that this 3-form must have dimension 
1, so we can write 

n dx i\ - m = !> m = a ■ ft. w\ = 
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which implies a(Q^ qi) — 1) = 1, so that 

1 

Now suppose 

%= d 

(and choose the minimal possible <f). Then it immediately follows that 

r I Qi r i 

Thus all dimensions, hence all R-charges, have denominator 

r = rj — d. 

i 

But from our previous discussion in Section l3~4l this implies that the BPS monodromy 
should obey 

M r = 1. 

For example, in the (G, G') theories just described, we find that the denominator 
of R-charges involves h + h', where h, h' denote the dual Coxeter numbers of G, G'. 
This implies that the order of M is at most h + h' . If the numerator of the R-charges 
involve factors which all divide h + h' the order will be smaller, as was discussed for 
example in the (Ai-i, An-i) case (where we found r = (m + n)/ gcd(m, n)). We 
leave it as an easy exercise to the reader to find the minimal r for each pair. 

Since M is constructed from the BPS spectrum of the theory (after deforming 
away from the conformal point), M r = 1 gives a strong constraint on what that BPS 
spectrum can look like. It would be desirable to check this condition by explicitly 
determining the BPS spectrum of the deformation of the above CFT's. 

For the (G, G') theories we have at least some partial information. As already 
noted the case (G, G') = (A n , A\) the full answer is known [51], and we have already 
conjectured the form of the answer for the (G, Ai) case, where we get in some chamber 
one soliton for each node of G, whose central charge is orderered according to the 
parity of the Dynkin node. 
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The natural conjecture would be that for (G, G') the representation theory of the 
corresponding tensor product of quivers, will yield this information. In later sections 
(leveraging recent work on cluster algebras pU]) we will use this to study the BPS 
spectrum for these theories and verify M r = 1. 

Note that the labelling of (G, G') is not unique. For example, we have the iso- 
morphism (G,G') ~ (G',G), which is manifest from the viewpoint of the CY3 fold. 
In fact we have many additional such equivalences which follow from this picture. 
For example we have, 

(D 4 ,A 3 ) ~ (E 6 ,A 2 ), (E 8 ,A 3 ) ~ (£ 6 ,At), ... 

These will turn out to be non-trivial facts in the context of the associated cluster 
algebras! 

7.1 The gauge theory perspective 

It is natural to ask how the SCFTs we are considering can be realized in terms of 
purely four-dimensional gauge theories. Thanks to the construction of [30], we know 
that M5-branes on Seiberg-Witten curves + Xg" 1 " 1 + • • • = (where • • • denotes 
deformations by relevant operators) yield points on the Coulomb branch of quiver 
gauge theories, where the quiver is the A m Dynkin diagram and each node is an 
A n gauge theory. More generally, quivers of A n gauge theories on affine D or E 
Dynkin diagrams were studied in [63], where local Calabi-Yau 3-fold geometries were 
identified which replace the Seiberg-Witten curve. Many of the Calabi-Yau 3-fold 
singularities we are considering can be identified with special points in the moduli 
spaces of these theories. These include examples which are not of the (G, G') type. 
For example, the singularity 

xl + xl + xl + x% = (7.1) 

can be obtained as a special limit of a certain product of U(a{N) gauge theories 
on an affine E§ quiver, where ai are the Dynkin indices of the E§ affine Dynkin 
diagram [63] . 
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7.2 The 5-brane perspective 



Finally it is interesting to ask if we can reformulate the above theories in terms of the 
conformal (2, 0) 5-brane theories. As already noted, we can obtain the (A n -i, An-i) 
theory by considering a single M5 brane on a curve given by {x n = y m } C C 2 . More 
generally any singularity of the form 

f(x,y) +uv = 

can be viewed as a single M5 brane. These include all the pairs of the form (G, A\). 
These same theories can also be obtained in a different way from multiple M5 branes. 
For example, consider the CY singularity of (A n _i, A m _i) type: 

x n + y m + uv = 0. 

This can be viewed as an A m _i : y m + uv = a singularity, which is dual to m M5 
branes fibered over the x-plane: 



where for each x ^ the m M5 branes have been split, and they all come together 
at x = 0. It is not possible to get all the rest in terms of only M5 branes, however. 
Moreover, M5 brane corresponds only to the A-type (2, 0) CFT in 6 dimensions. We 
also can consider D, E 5-brane theories. Indeed the ADE (2,0) 5-brane theories are 
defined by type IIB theories compactified on ADE singularities down to 6 dimen- 
sions. From the above construction of the CY 3-fold singularities we can take three 
coordinates (say the y, u, v) of the singularities as defining the 5-brane theory of G 
type and the other one (say the x) as defining how the G type brane fibers over the 
x-plane as we go down from 6 to 4 dimensions. These would lead to a description 
of all the (G,A) theories. The other three types, (D,D), (D,E) and (E,E), do not 
seem to admit such a description. 
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8 Quivers associated to pairs of ADE Dynkin di- 
agrams 



We would like to predict the form of quivers for the pairs of ADE singularities dis- 
cussed in the previous section. Since we can view the nodes of each of the individual 
ADE nodes as corresponding to a 3-cycle in the Calabi-Yau geometry, it is natural 
to expect that the quiver associated to the pair of the ADE is made up of the tensor 
product of the two quivers. We would also need to know the number of arrows be- 
tween the nodes. It turns out that these problems are isomorphic to the 2d problem 
of the tensor product of two associated M = 2 theories where we identify the LG 
superpotential with the defining equation of the hypersurface. We will explain in 
section [12] why this is to be expected. Here we will assume this is the case and use it 
to construct the corresponding quiver for the M = 2 theory in d = 4. Consider first 
an (A„,, A m ) singularity type of the CY 3-fold 

W(X, Y) = X m+1 + Y n+1 + lower order monomials, (8.1) 

which reduces to A n in the special case m = 1. We use W(X, Y) to define a 2c? LG 
model and a 4d Af = 2 gauge theory sharing the same quiver Q n , m - 

8.1 Square and triangle products of quivers 

We construct the quiver Q n ^ m starting from the tt* geometry of the associated 2d 
model. Of course, the quiver is not unique, and we are interested in obtaining 
the simplest possible quiver in its mutation-class, namely the one which makes the 
physical properties most manifest. To get this canonical quiver, we use a little 
trick. Assume we have two 2d LG models with superpotentials W\(X) and W2(Y). 
Consider now the model with superpotential 

W(X,Y,X) = Wx(X) + XW 2 (Y) AeC. (8.2) 

The X and Y sectors are decoupled, and the physical Hilbert space is just the tensor 
product of the original ones. However, for generic A, not all the tensors products of 
the BPS states of the original theories are BPS states for the diagonal supersymmetry 
with supercharges + Q^- Indeed, the central charge of the resulting theory is 
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related to the central charges of the original ones as Z = Z\ + A Z 2 - Hence the mass 
and the central charge of a state |BPSi) ® IBPS2) are 

M = M 1 + M 2 , Z = Z x + A Z 2 , 

Z 2 

=>- M 7^ \Z\ unless A — is real positive. (8.3) 

Z\ 

So, if A is generic enough, the only BPS states (with respect to the diagonal M = 2 
superalgebra) are of the form 

|BPSi)®|fc 2 ) or |fci)<8> |BPS 2 ), (8.4) 

where \ki) stands for the k-th SUSY vacuum of the original i-th theory. 

The BPS quiver Q corresponding to such a generic A is called the tensor product 
quiver. However we are still free to redefine the SUSY vacua \ki) — >■ ±|fc,), getting 
a different exchange matrix B^,i)(k',i')- Starting with the canonically oriented G, G' 
quivers, it is convenient to redefine the signs of vacua as 

\h)^(-lt +l \k t ), (8.5) 

with the effect 

B(j, k )(j±i,k) -> (-l)*' 1 B V,k)(j±i,k) ( 8 -6) 

B(j,k)(j,k±i) -B(j,fc)(j,fc±i)- (8-7) 

The resulting quiver is called the square tensor product of the original quivers G and 
G' [TO], written 

GOG'. 

From eqns. (18. 6 j) (18. 7\i we see that G'dG is the dual quiver to GOG' (namely 
the quiver obtained by reversing all the arrows). The two quivers are in the same 
mutation-class; indeed one passes from one to the other by applying ri(fc+i=odd) ^M- 
Physically, reversing all the arrows is equivalent to taking q q~ x . 
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1. 1 < 2, 1 ► 3, 1 < 4, 1 ► ► m, 1 

1.2 > 2,2 ^ 3,2 > 4,2 < < m, 2 

1.3 < 2,3 ► 3,3 < 4,3 » ► m, 3 

l,n ► 2, n < 3, n > A. n < m,n 

Figure 1: The A m DA n quiver. 



Explicitly, for the (A m , A n ) case we may consider the superpotential 

1 u n+1 
W{X,Y) = —T m+1 (X) + V—T n+1 (»- 1 Y), (8.8) 

whose tt* equations can be explicitly solved in terms of PHI transcendents [61]. For 
generic A = fi n+1 we get the quiver A m □ A n represented in figured! From the figure 
it is manifest that A n □ A m differs from A m □ A n only in the overall orientation. 

Special values of A will give different quivers. In particular, the quiver obtained 
by taking A real (and orienting the resulting 3-loops) is called the triangle tensor 
product of the A m , A n quivers [10] 

A m m A n . (8.9) 

(see figure |2]) . 

A result in quiver algebras [10] states that square and triangle tensor products 
of two quivers with only sources and sinks are mutation equivalent, that is, related 
by a chain of 2d wall-crossings. From our point of view, this result is obvious, since 
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Figure 2: The A m Kl A n quiver. Mutation at the nodes ® gives back A m OA n . 

the two quivers GMG' and GOG' are related by a continuous deformation of the 
parameter A in the superpotential. 

Given a pair of ADE singularities (G, G') we define the canonical chamber for 
either the corresponding 4g? and 2c? theories to be the chamber in which the quiver 
is given by the square tensor product of the canonical quivers for the two minimal 
singularities, G O G' . 

In particular, our single ADE models of section are to be identified with the 
pair of Dynkin diagram model (G, A{) which correspond to the same singularity. 

8.2 Grassmannian coordinate rings 

A remark that will be relevant below is the following: the quiver Q m ^ n = A m OA n 
is the quiver which defines a very specific cluster algebra of the geometric type, 
isomorphic to the homogeneous coordinate ring of the Grassmannian G(m, n + m) 
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singularity 


Grassmannian 


single ADE 


pair of ADE's 


yn+1 + X 2 


G(2,n + 3) 


A n 




Y 3 + X 3 


G(3,6) 


D 4 


(A 2 ,A 2 ) 


Y 4 + X 3 


G(3,7) 


Eq 


(A 3 ,A 2 ) 


Y 5 + X 3 


G(3,8) 


E s 


(A,,A 2 ) 



Table 2: Isomorphisms between the cluster algebras of finite-type. 



[5B] . From the geometric duality 

G(m, n + m) ~ G(n, n + m) (8.10) 

we infer a duality (v4 m ,v4 n ) ~ (A n ,A m ). Moreover, comparing the corresponding 
singularities, we have the identifications in table |5] for the Grassmannian cluster- 
algebras of finite-type [I5JH9J165] which naturally follows from the CY 3- fold de- 
scription. 

8.3 Quantum monodromy and the associated Y— systems 

The quantum monodromy M(q) for a more general c < 2 singularity is given, in 
principle, by the phase-ordered product of the elementary transformations ^(U^;q) 
associated with each BPS particle (in some reference chamber). Unfortunately, con- 
trary to the case of a c < 1 singularity, we have no a priori knowledge of the BPS 
data needed to construct M(q) directly. 

However, in the particular case of a (G, G') singularity, we may still use an indirect 
strategy to guess M(q). Indeed, TBA and cluster-algebra theories present operators 
which are natural monodromy candidates: They are the generalization of the ones 
we found above in the single diagram case, and reduce to them for (G,Ai). These 
operators are canonically defined by the quiver Q of the theory, and their conjugacy 
class is an invariant of the mutation-class. 

The obvious guess is that (a power of) the canonical operator for a given Q is the 
quantum monodromy for a 4c? M = 2 model associated with the same quiver. There- 
fore we shall proceed in two steps: First we present the evidence for the identification 
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of a power of the canonical operator with M(q), and then expand the resulting ex- 
pression for M(q) in products of elementary factors \I/(W 7 ; q) to extract the putative 
BPS spectrum (in the canonical chamber) which was not known in advance. 

By the previous discussion, the (G, G') theory in the canonical chamber should 
correspond to the canonical square quiver G □ G'. This quiver is simply-laced, and 
so the arguments of section [6] apply. In particular, under the normal ordered symbol, 
we may identify the quantum and the classical monodromies. 

8.3.1 The (G,G') Y— system and the operator m n 

We start by reviewing the y-system associated to a pair of Dynkin quivers [9| [T0ll5Tl 
We write (k,l) for the vertex of the quiver GOG' corresponding to the 
vertices k £ G and I £ G' . 

Following ref. [10], for e, e' = ±1, we set 

m e „= J] Q m , (8.11) 

(-l) fc = 6 

that is, m e t / is the product of the elementary mutations Q(k,i) having indices of fixed 
parity. Notice that the m e t > are well-defined since the factors mutually commute. 
One defines the cluster-mutation 

m G nG' = m_ lj+ i m +1 _ v (8.12) 

When there is no danger of confusion, we simplify our notation writing for 
mcnc- We write for the quantum operator whose adjoint action induces the 
(normal-ordered) mutation ran 

m^ 1 X e m n = N[m a (X e )]. (8.13) 

Notice that this condition fixes mn only up to an overall factor which may be a 
non-trivial function of q. 

In the single Dynkin graph case, (G, Ai), we have the equality 

M(g)=m n 2 = m GD ^ l) , (8.14) 
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between the square of the canonical operator ran and the physical monodromy M(q). 
In §. !8.3.2l below we argue that a similar relation is true for arbitrary (G, G'). 

The operator ran acts on the quantum algebra by the normal-ordered version of 
the classical rational map defined by the (G, G') Y -system [9|[i m i57 ] l58 |[66T468] 

Y k , a (s + 1) Y k , a (s - 1) = ^/^^^t , (8.15) 

where Cjk and C' ab are, respectively, the Cartan matrices of the Dynkin diagrams G 
and G'. Notice that the interchange G -H- G' is equivalent to the rational map 

Y ka (s) <— ► tAt- (8-16) 

Yka{S) 

The relation between the operator and the solution to the y-system is [TU] 
v / \ fm +1 _im_ li+ i-y fcia (5-l) sodd 

Y k,a{ s ) = i (8.17) 

[m+i i+ i m_i _i ■ Yfe, a (s - 1) s even. 

It has been conjectured by Zamolodchikov [9] in the (G, A\) cases, by Kuniba- 
Nakanishi [69] for (G,A n ), and finally by Ravanini-Tateo-Valleriani [66] for (G,G'), 
that the F-system (18. 15ft is periodic of period 2{h + h!) where h, h! are the Coxeter 
numbers of G and G', respectively. From eqn. (j8.17j) we see that this is equivalent 
to mn having order dividing h + h! . This conjecture has now been proven in refs. 
[10,57,58,66-68], In fact, one has a more precise result [10l[70]: the order of ran is 
exactly (h+ h')/2 if both Lie algebras G and G' have Uq = — 1, and h + h' otherwise. 



8.3.2 ra n and M(q) 

On physical grounds, we know from the analysis in section [7] that the order r of 
the monodromy M(q) of the (G, G') theory should divide h + h! . Thanks to the 
above periodicity theorem for (G, G') F-systems, we know that any power of the 
canonically defined operator ran has a finite order which divides h + h'. Then the 
natural guess is that M(q) is some power of ran- 

We already know that this is the case if G or G' is A±, see eqn. (l8.14p . 
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More precisely, it was shown in section [7] that for (A n _i, A m -i) the order of the 
monodromy must be precisely (m + n)/ gcd(m, n). Thus we expect the right relation 
to be 

M(q) = (m n ) m , (8.18) 

or, more generally, 

M(q) = {rh G uG') h{G '\ (8.19) 

which has the right order. Moreover, equation (I8.19P has the correct symmetry under 
G <H- G', if we recall that the replacement G □ G' -B- G' □ G inverts the orientation 
of the quiver, with the effect 

m GnG > < — > m G , nG = (ra GnG ./) _1 . 
Indeed, writing explicitly the quiver dependence, 

{m GUG ,f^ = m^-HG)-^') = (mn -i)^) = {mQfDa) m } (8.20) 

which is manifestly symmetric under G -H- G'. 

Equation ( I8.20p is true with m u replaced by the quantum operator with the 
modification that, in this case, the equality means that the two sides have the same 
adjoint action, but they may differ by an overall 'trivial' g-dependent factor. 

We shall return to the (G, G') <H> {G 1 , G) duality in §. I8.3.4[ after developping the 
necessary tools. 

We may also understand equation (I8.18P from the point of view of the fractional 
monodromy introduced in §. 15.21 Consider the singular (i.e. conformal) (A n -i, A m _i) 
SW curve X n + Y m = 0. Switching on suitable Coulomb branch parameters we may 
deform it to the non-singular curve 

X n + ym = ^ 21 ) 

which has a Z n x Z m symmetry. Focusing on the second factor, and using the results 
of §. 15.2} we deduce that the M(q) can be written as an m-th power of a natural 
operator, in agreement with eqn. fl8.18p . Furthermore, f l8.20p shows that M(q) can 
also be written as an n-th power of another natural operator, as is expected. 

There is a more conclusive argument showing that the power in the RHS of 
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eqn. ( 18.191) must be h{G'). The point is that not all (ordered) products of Qk's 
may be consistently identified with the monodromy of some (unknown) Ad J\f — 2 
theory. To be a candidate monodromy, an operator needs to have the particular 
structure described in section [5j a phase-ordered product of \l/(W 7 ;g) satisfying the 
constraints following from PCT as well as the other discrete symmetries the model 
may have. 

We claim, in particular, that mo is not, in general, a product of only \I/(£4;g) 
operators, while (mn) :t ' l ' G '' can always be written in this way. For many pairs 
(G, G') also the PCT structure of M is obvious for the operator (mn) ± ^ G '- ) . For the 
other cases the PCT property is also expected to hold, but not manifest from the 
explicit expression of m n ; to fully establish PCT requires repeated use of the higher 
identities for products of quantum dilogarithms. 

In fact, we are informed by Bernhard Kellei0 [70] that at the level of adjoint 
actions, eqn. ( 18 .191) is known to experts in cluster-algebras and representation theory 
clS 8b true mathematical fact. 

In the next subsection we explain in down-to-earth terms our claim about the 
properties of M(q) = (rria) h ^ G '\ Then in §. 18.3.41 we show how the G <H- G' duality 
works concretely. 

8.3.3 Cluster— mutations vs. the quantum KS group 

A necessary condition for the /c-th power of to be an M = 2 monodromy is that 
there exists an ordered sequence of operators W 7 such that for all 7' G T, 

N[m D k (U y )] = (tJJv^))" 1 ^ (rU*^)) (8.22) 

that is, the cluster-mutation mu k must be an integral element of the quantum KS 
group. 

mg is a product of the elementary cluster-mutations Qk at each node of the 
quiver GOG' (in a specific order, see eqn. 08.12p ). The Qk are the product of a quiver- 
mutation Hk and the adjoint action of q). Were it not for the insertions of the 

15 We thank Bernhard Keller for discussions on cluster algebras and especially for having repeat- 
edly assured us that many of our physically-motivated conjectures were indeed true mathematical 
facts. 
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/ifc's, mg would be trivially the adjoint action of an operator of the form Y\ Xk). 
Thus eqn. (18.221) requires the various /x^'s to combine into the identity map; then 
their net effect is to change some of X^ into more general monomials in the quantum 
algebra generators, W 7 , corresponding to BPS particles with composite charges 7 G Y. 

To illustrate the idea, let us review the (A m ,Ai) case in this language. We have 
mg = m 1 m +1 with m e = Y[(~i) k = £ Qk- We start from the initial quiver Q m 



X 1 < X 2 > X 3 < X A > (8.23) 

The action of m + \ produces two effects: it enforces the rational map 

Xt^ (H^i-X^y 1 fi cvcn (X/)(JJ*(-X fc )), (8.24) 

even even 

where jwM = (8.25) 
and changes the quiver (and basis in T) as 

Xx > X 2 l i X 3 > X^ < (8.26) 



Let us apply m 1 to the result. The composite operator m_i m +1 then gives the 
rational map 

X t -> ( Yl ^(-Xj)) 1 ( Y[ ^(-//odd(^fe))) 1 /iodd /icven(^) X 

even (g _ 27) 

x (n*(-^™))(n*(-^))' 



even odd 

where /i odd (X,) = X { ~ 1) \ (8.28) 
while the quiver and basis become 

Xf 1 < X^ 1 > X' 1 < X^ 1 > (8.29) 



that is, we return to the initial quiver A m , but with an inverted system of generators 
X^ 1 . If we apply m n twice, we return to the original quiver A m and lattice basis, 
and the net effect of the /i^'s is to change the arguments in the \l/'s, so that the action 



66 



of ra n 2 equals the adjoint action of the operator 

n n n *(- x ^ n ( s - 3 °) 

even odd even odd 

which we recognize for the correct physical monodromy (computed in the canonical 
chamber) with its correct PCT structure. 

The general case is similar. The crucial point is that the /i&'s will act also on 
the arguments of the previous ^'s, as in eqn. (l8.27l) . Concretely, one writes a 
cluster-mutation as an ordered product nSfc- Assuming the corresponding ordered 
product Yl^k is the identity map, the given cluster-mutation will be equal to the 
(normal-ordered) adjoint action of the operator (schematically) 

fi fc *(-IW**))' ( 8 - 31 ) 

j>k 

which is an integral element of the KS group. 

For a (G, G') quiver, the cluster-mutation m n does not have the property that the 
corresponding quiver-mutation /in = Yl^k is the identity. As in the (A m , A\) example 
above, it is true that the mutation reproduces the original quiver G □ G', but with 
a different choice of basis in the lattice T (that is, a different set of generators of the 
quantum algebra). However, we claim that (m a ) h ( Gn> has the desidered property, 
namely 

H^t- "* = identity. (8.32) 

To prove eqn. fl8.32p . we start with a general (G,A m ) theory (G = ADE) whose 
quiver is G □ A m . The corresponding quantum algebra is generated by the invertible 
operators Xk,i, where k — 1, . . . , rankG, and I — 1,2, ... ,m. 

As shown in appendix [E], the quiver-mutation maps the quiver G □ A m to 
itself, and hence should correspond to an inner automorphism of the quantum algebra 
given by the adjoint action of some quantum operator jxu- More precisely, in the 
appendix it is shown that the adjoint action of fiu generates the (normal ordered 
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version of) the following classical rational map: 

X2l,2k+1 l— > ^2/,2fc-1^2Z,2fc^2«,2fc+1^2Z,2fc+2^2/,2fc+3 (8.33) 

X 2 /,2fc+2 ^ ^2/,2fc+1^2/, 1 2fc+2^27,2fc+3 (8.34) 

X 2 l+X,2k+1 ^ X 2l+l,2k X 2l+l,2k+l X 2l+l,2k+2 (8.35) 

^2Z+l,2fc+2 l— >■ ^2(+l,2fc^2Z+l,2fc+1^2Z+l,2fc+2^2Z+l,2fc+3^2Z+l,2fc+4 (8.36) 

with the convention 

X l)k = 1 for fc = or fc > m, (8.37) 
and the exceptions 

• ^2Z,l ^2i,2-^2«,3 (8.38) 
^2Z,m ^ ^2«,m-2^2Z,m-l m °dd 

(8.39) 

-^2z+i,m l— >• ^2i+i,m-2^2«+i,m-i m even. 

A remarkable property of is that it maps X/^ into a rational function of the 
X^/'s with a /raed /. Thus, to show that 

(,. \m+l _ ?»(A m ) n 

we may work at fixed I. In other words, we may effectively replace G by the trivial 
quiver A x . Then, writing 'hV for the action of /in, we see that repeated applications 
of /in produce the following chains of transformations 

m even, / even 

Xl } l H-> X/^X/,3 I—)- X^X/,5 h-> • • • h-> X/ im _ 2 X; im _i I y Xi >m h-» 

^-i^i ^ ^i-3^-2 h. • • • ^ x^x,- 1 1 ^ x u 

m odd, / even 

,m— \X\^ m I ^ X^ 



- 1 M- 
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I odd 

same chain of rational maps as for I even and m of the same 
parity, but in the inverse order: 



so, in all cases, (//n) m+1 is the identity map 16 l. and no smaller power of yUn has this 
property. This establishes eqn. (18.321) for (G,A m ). 

Finally, we extend our result to arbitrary Dynkin pairs (G,G'). The above anal- 
ysis shows that fin is a rational map of the form 

Hn(X2e t k) = Rk(X2e,i,X 2 e : 2,- ■ ■ ,X 2 e,rankG') . _ . . , n 

_ for a faxed £, (8.40) 

A t n(^2£+l,fc) = -Rfc ^2^+1,2, " " " , ^2£+l,rankG'J 

where the maps Rk, Rk do not depend on i and are each other inverses. Then the 
property /i n — 1 is true for GOG if and only if it holds for A\ □ G , that is, if is 
true for the ADE Dynkin quivers with the inverted arrows. 

Let A root be the weight lattice of G 1 . We identify the monomials in the quantum 
algebra of A\ □ G' with elements of A root according to 



f8.4r 



where an G A root are the simple roots. As always, we identify quantum transforma- 
tion and classical rational maps via the normal ordered product N[- • •]. Then the 
elementary mutations fik of A\ □ G' act on the quantum algebra as the elementary 
reflections Sk generating the Weyl group W of G'. The product //□ is then identified 
with the Coxeter element of W whose order, by definition, is h(G'). This completes 
the proof of eqn. (18.321) . 

Thus 

h(G') _ sh(G') 

m u — yrriGUG') 

is an integral element of the KS group, and no smaller power has this property. 



16 Notice that the above chain of transformations shows that fJ.^ n+1 is the identity acting on X[ A 
and Xi jXij+i] this is enough to conclude that it acts as the identity on all variables X\^. 
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8.3.4 The G <B- G' duality again 

The duality (G,G r ) -H- (G',G) is easily understood in the language of the previous 
section. First of all, we observe that from Q\ = 1, it follows that m^ 1 is given by 
the RHS of eqn. (I8.12p with the factors in the inverse order 

mcoG = m^ 1 = m+i _i m_ li+ i m +lt+1 m_i,_i. (8.42) 

The powers of the RHS of eqn. (18 .42"]) are again products of Q^'s; they may be written 
as products of quantum dilogarithms (not inverse quantum dilogarithms !) provided 
the corresponding products of /i^'s are the identity rational map. We claim that this 
property holds for the power 

therefore establishing equation (I8.20p . 

Indeed, the two transformations and m^ 1 are equivalent up to conjugacy 

(mn)" 1 = (m+i _i m_i, +1 ) m n (m+i,_i ra_i,+i) _1 , (8.43) 

while the quiver-mutation ra+i i m_ 1+1 has precisely the effect 

GUG'^G'UG (8.44) 

(up to some change of basis). Thus, under G -H- G', rn^ G ^ (m n ~ 1 ) /l ^ G \ and 

M(q) = m n MG,) <— ► (m n _1 ) h ( G ) = M (g) (8.45) 

so the physical monodromy M(g) is invariant under the G -H- G" duality, as it is 
obvious from the geometric description of, say, the SW curve. 

Again we stress that ( I8.45P holds as equality of adjoint actions; the operators has 
to be normalized in some canonical way in order to have strict equality. 

The two quantum operators {jnGUG') hlyG '^ an d (^Gnc)' 1 ^! while having the 
same adjoint action on the quantum torus algebra, differ in a crucial way: When writ- 
ten as ordered products of elementary wall-crossing operators ^(W 7 ;g), they have, 
respectively, r(G) r(G') h(G') and r(G)r(G') h(G) factors (where r(G) = rankG). 
Equating the two expressions give non-trivial quantum dilogarithm identities which, 
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under the appropriate circumstances, may be interpreted as wall-crossing formulae 
between two dual canonical chambers. 

The duality (I8.44p amounts to inverting all the arrows of the quiver GOG'. This 
is the same as 

q <r> q' 1 , (8.46) 

so one expects to relate the two dual pictures as analytic continuations in opposite 
half-planes. This will turn out to be essentially correct. 

Remark. In the language of algebra representation theory [71TT73] . the arguments 
developed in the present section correspond to the relations between the suspension 
functor, the Serre functor, and the Auslander-Reiten translation [101170] . 



8.4 Example: the putative BPS spectra of (A m , A3) theories 

To compile exhaustive lists of (putative) BPS spectra of the Ad J\[ = 2 theories is 
outside the purposes of the present paper. However, to illustrate the idea, we briefly 
discuss the (A m , A 3 ) example. 

Using the formulae from the preceding section, we have 

m n =th n *( - ^+1,1^+1,2^+1,3) n *( - *( - x 2 - k \ 2 x- k ] 3 ) x 

k k 

x JJ ^( — X 2fcl X 2fci2 X 2fc)3 ) ] I ^( — X 2 k+1, 2^2fe+l,3) — ^2fc+l,1^2fc+l,2) j 
k k 

where all monomials in the arguments of the \&'s are meant to be normal-ordered. 
Then 

Y(q) = m n 2 = 

=/'■ jj^(x 2fc+li2 ) jj*(x 2M )*(x 2M ) n*(^2 fc , 2 ) n*( x 2fc+i,i)*(^2 fc +i, 3 )x 

x (^+1,1^+1,2^+1,3) n*( x Si*£j ^K^yx 
x n ^{Xik, 1^2/^,2X2^,3) ] j i i / (x 2 fc + i !2 x 2 fc + i : 3) ^(x 2 fc + i ! ix 2 fc + i :2 ), 

so the (putative) BPS spectrum in the reference chamber corresponds to one state 
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for each of the following charge vectors in T (plus their PCT conjugates) 



lk, a a = 1,2, 3, fc = l,2,...,m (8.47) 

7fc,i + 7fc,2 (8.48) 

7fc,2 + 7fc,3 (8.49) 

7fc,i + 7fc,2 + 7fc,3, (8.50) 

where {^k,a} is the standard basis in T. 

Note that the above expression for Y(q) also gives information about the BPS 
phases of these statesl^l 



9 Trace of the monodromy for (G, G') theories I: 
The irrational case 

In this section we compute Tr M(q) (and Tr Y(q), Tr K(q)) for some of the theories of 
interest as an illustration of the general principles and a check of our conjectures. The 
explicit form of Tr M(q) will depend, of course, on the particular representation of the 
associated quantum torus algebra we consider. When q is an iV-th root of unity (a 
case to be discussed in the next section) we have finite dimensional representations of 
the quantum algebra and the definition of the trace is obvious; in the irrational case 
the representations are necessarily infinite dimensional, and we must specify both 
the representation and the precise definition of the trace. In section 14.3.21 we saw 

17 It is tempting to extrapolate from the above example that the BPS degeneracy for the (A m , G) 
case is given, in some chamber, by charge vectors of the form 7^ where b denotes a positive root 
of G and k = 1,2, ...,m corresponds to a root of A m , which suggests the following derivation: 
Compactifying IIB to 6 dimensions with a G singularity leads to tensionless strings in 1-1 corre- 
spondence with the positive roots of G. Moreover, the tension of the strings vary over the extra 
complex dimension where A m singularity lives; the strings can end on any of the adjacent zeroes of 
the corresponding (Chebyshev type) polynomial representing A m , leading to this BPS degeneracy. 

This idea is also consistent with the BPS state counting in the canonical A m □ G chamber. 
Indeed, the number of factors in the operator {rn^ m □g)' 1 ^' i s 

m ■ r(G) ■ h(G) = 2m- ^{positive roots of G}, 

which is precisely the number of states predicted by the above scenario (counting also the PCT 
conjugate states). 
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that Tr M(q) should be a holomorphic quasi-modular functions of q; correspondingly, 
we shall find that the various possible choices of representations and/or traces will 
lead to different linear combinations of the same modular blocks. We look at these 
blocks as being the fundamental traces, associated to the irreducible realizations of 
the system, while the particular linear combination one finds computing the trace in 
a specific representation should correspond to a direct sum of the fundamental ones. 
We shall find that the Tr M(q) blocks correspond to characters of some 2d RCFT. On 
the other hand we already saw that the monodromy opeartion (in the classical limit) 
gets related to the TBA systems arising from relevant deformations of 2d CFT's. It 
will turn out that the characters we obtain from the traces of the 4d monodromy 
operators are characters of the RCFT's associated to the UV limit of the same 2d 
theory! In other words, the trace of g-deformed version of the TBA monodromy 
leads to characters of the UV theory they arise from. To the best of our knowledge 
this appears not to have been known. We use the path-integral formulation of the 
traces we have developed to offer an explanation of this surprising 4d/2d connection. 
As we discuss in section [TTJ it suggests that a particular reduction of the 4d theory 
leads to the corresponding CFT. 



In preparation for computation of monodromy traces to be done later in this section, 
here we review some known facts about the TBA systems associated to pairs of 
Dynkin diagrams and the predicted conformal theories they arise from. 

The quantum w^K -th fractional monodromy K(q) = rhu has the general struc- 
ture 



with pL an operator with only a trivial kinematic g-dependence. From the Euler 
identity 



9.1 TBA's for ADET pairs 



K(q)=fil[^(U,-q), 



(-i)V 2 / 2 



k 



X\ where (g) fe = ]J(l-g m ), 



(9.1) 



771=1 
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it is obvious that a general trace 



Tr[K(q)0], 



with O an element of the quantum algebra, should be a linear combination of func- 
tions having the general form 



where s = rankG-rankG', m = (mi,m2, ■ ■ ■ , rn s ) is a vector of non-negative integers, 
A is a positive-definite symmetric s x s matrix, B a vector and C a scalar. In 
particular, B and C have to be seen as 'sources' for the operator insertions. 

It turns out that, in many models, TrM(g) can be also written in terms of 
Xa{<1] B, C) and 77(g) functions. 

Remarkably, there is a large class of 2d RCFT which have characters of precisely 
this form (with A, B, C rational in general) [74]. For a given RCFT, the matrix A 
is unique, while B and C depend on the particular character we consider. Only a 
subset of the functions xa(q] B, C) are actually independent, since 



X (q; B + A-e^C+B-ej + fe-A- e,) = X (q\ B, C) - X (g; B + e„ C), (9.4) 



where e 3 - = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the j-th position. Eqn. fl9.4p just says that 
the functions Xa{<1', B, C) may be expressed as continuous fractions a la Ramanujan. 

The expression (19. 2ft for the CFT characters naturally relate to the TBA systems. 
One considers an integrable massive deformation of the given CFT, and computes 
the partition function using the known elastic S matrix SV,(6>) = exp(i Sij(6)); in the 




■zm-A-m+B-m+C 



(9.2) 



X A (q;B,C) = q c XA(q;B,0) 



(9.3) 



and we have the recursion relations (for j = 1, 2, • • • , 
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UV limit one gets (EJ) witf@ [74] 



Aij = -%(-oo)/(27r). 

Moreover the expression ( 19. 21) defines the characters of the corresponding CFT that 
the TBA system arises from. Indeed it is generally believed [74] that the Xa(<1] B, C)'s 
may have good modular properties only under some special circumstances which are 
essentially equivalent to the requirement that the Xa{<1] B, C)'s arise as traces of 
quantum operators having the general structure of a 4c? fractional monodromy K(q) 
having finite order. 

Many examples of 2d physical systems having these properties are known [91I74T 
[77]. The known models are labelled by a pair (G,G') of ADET Dynkin diagrams. 
Here ADE stands for the usual simply-laced Lie algebra graphs, while the tadpole 
diagrams, T r (r 6 N), are obtained from the Dynkin diagrams of A2 r by folding in 
the middle and identifying the vertices pairwise. The Cartan matrix of T r is the 
same one for A r except that (CV r ) rr = 1 instead of 2, and has determinant 1. The 
Coxeter number of T r is the same as that of A 2r , i.e. 2r + 1. 

The ^-system solving the TBA for the (G,G') theory is given by eqn. fl8.15l) . 
The matrix A giving the characters of the UV fixed point of the integrable model 
described by the pair ADET of Dynkin diagrams (G, G') is [9| [741477] 

A = C G ® C G } (9.5) 

where Cq stands for the Cartan matrix of G. Notice that A -h- A~ x under G <H- G'\ 
thus the interchange of the two diagrams establishes a kind of duality between the 
corresponding pair of CFT's. 

Examples of known RCFT with characters of this form are: 



RCFT 


(G, G') 


coset G n+1 /[/(l) rankG 


(G, A n ) 


minimal models W G (2, 2n + 3) 


(G,T n ) 


minimal models W G (2n + 1, 2n + 3) 


(T n ,G) 



18 If the 2d theory has ordinary statistics, the entries of are integral. To get more general 
rational values one has to incorporate exotic statistics [74] . 
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notice that the pairs of RCFT in each block are dual in the present sense. In the 
above table W (p, q) refers to the minimal model for W G algebra of type (p, q) [78] 
(the case G = sl(2) is the standard Virasoro minimal models). Note also that the 
coset G n+ i/L r (l) rankG , is also known as the CFT of parafermions of level (n + 1) for 
the group G. 

It is a longstanding conjecture, recently proven in [T9H81] . that the corresponding 
RCFT for (G, G') type has central charge (see also [H] and references therein) 

ef f r G r G <h G 

c e// = — (9.6) 

h G + h G , 

where r and h refer to rank and dual Coxeter numbers respectively (with the def- 
inition of r(T n ) = n, h(T n ) = 2n + 1 for the T series). Moreover the notion of the 
'effective' central charge is the same as the central charge c in the unitary case, and 
c — 24d where d is the lowest dimension operator, in the non-unitary case. Notice 
the following relation: 

c e "(G, G') + c e ^(G", G) = r G r G , (9.7) 

suggesting that a suitable tensor product of the two theories gives a free theory 
involving r G r G i bosons. This suggests that the two theories (G, G') and (G', G) are 
'dual' CFT's in the sense of level-rank duality and in the known cases they are. 

Given the relationship of the 4d monodromy with the TBA's V-systems, eqn. fl8.15p . 
and the general structure (]9.2p . it is natural to expect that TrM(g) and TrK(q) will 
be related to RCFT character of this class. The actual computations confirm the 
expectation in many of the cases above, as we will see in the next section. 



9.2 Evidence for Tr[K(q) O] = Characters of the (G, G') RCFT 

From the discussion in section [HJ we know that the monodromy M(q) for the (G, G') 
theory can be written either as (rho) h( ' G ^ or (m n - ) h ( G '\ the two expressions being 
possibly different by overall trivial factors. Comparing with the structure of eqn.f l9.6p . 
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it looks natural to identify 



Tr (GjG0 M(g) 1/h(G ' } ~ characters of (G, G') TBA 
Tr (GiG , ) M(g^ 1 ) 1 / /l ( G ') ~ characters of (G',G) TBA, 

modulo some overall trivial factor corresponding, plausibly, to free theories (as the 
formula (19.71) for the central charges suggests). Note that on the left side of the above 
identifications the M = 2 theories obviously satisfy (G, G') = (G', G) and lead to the 
same M; the differences on the RHS arise by which fractional powers of M we take 
and whether we consider q or q^ 1 in the argument for the traces. Furthermore we 
find evidence for 

Tt( j 4 TIi a 1 ) M(q) ~ characters of (A n _i,Ti) TBA 
TrfAn.Ai) M(q~ l ) ~ characters of (Ti,A n _i) TBA. 

In particular the trace of the full monodromy M(q) for the 4d Argyres-Douglas CFT 
given by y 2 = x 3 , leads to characters of 2d Lee- Yang edge singularity given by the 
(2, 5) minimal model. The goal of the present subsection is to present some general 
evidence for this identification. In the rest of the section we shall check the proposal 
in some concrete examples. 

Consider a quantum trace of the form 



Tr 



It may be written as a periodic path integral. The details of the path integral will 
depend on the particular realization of the quantum torus algebra one considers (see 
discussion below), but certain aspects are 'universal', i.e., representation indepen- 
dent. 

From the schematic structure of K(q) we know that eqn. fl9.8p must be of the 
general form Xa{<1] B, C) with B and C some functions of the b^s. In terms of the 
periodic path integral, the recursion relations (19 .4p (19.31) are interpreted as analog of 
'Schwinger-Dyson equations'. We will provide evidence that these equations fix the 
quantum amplitudes (I9.8P up to an overall bi independent normalization. Hence, 
the recursion relations determine the traces up to an overall function of q which is, 
typically, a product of free partition functions. 
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Therefore, up to elementary factors, what really characterizes the quantum traces 
is the matrix A which fixes the form of the recursion relations = Schwinger-Dynson 
equations (I9.4p f l9.3p . Thus, to compute the traces is to determine A. 

The identification we are suggesting sets the s x s matrix A appearing in the 
quantum traces of K(q) equal to the sxs matrix appearing in the TBA representation 
for the CFT characters of the UV limit of the corresponding (G, G') 2d integrable 
model, namely 

A = C g ®Cq}. (9.9) 
The purpose of this subsection is to present convincing evidence for eqn.f l9.9p . 

9.2.1 Quiver duality and xa characters 

To be viable, the identification (19. 9 p has, in particular, to be consistent with the 
G -H- G' duality. This boils down to explaining why, under G □ G' G' □ G (which 
is equivalent to q <H> g" 1 ), one has 

A < — > A^ 1 . 

Define the functions 

X A (q; B, C) = xaOT 1 ; BA, -C + \B- A" 1 ■ B*) 

It is easy to check that 

Xa {q; B + A^ej, C + B ■ + \e t ■ A~ l ■ ej) = 

= x A (q; B, C) - XA(q; B + Bj, C) 

and 

XA(q;B,C) = q c XA(q;B,0). (9.12) 

Eqns.( l9~TT|) f l9.12p are precisely the recursion relations (19. 4p ( 19. 31) satisfied by the char- 
acter 

XA -i(q;B,C). 
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(9.10) 



(9.11) 



By the 'Schwinger-Dyson argument', i.e. that the traces are characterized ef- 
fectively by the above recursion relations we expect xa(q',B,C) to be equal to 
Xa- 1 ^] B,C) up to some 'elementary', B and C independent, overall normalization 
factor. 

On the other hand, from eqn. fl9.10l) . it is obvious that the Xa's are related to the 
Xa's, apart for a relabelling of the sources B and C, by the operation q <H- g -1 which 
invertes all the arrows of the quiver mapping G □ G' <H> G' □ G. 

Thus we learn that the 'level-rank' duality G -H- G' must have the following 
effects on the traces of K(q): 

• A <h> A" 1 

• a redefinition of the fields/sources B, C 

up to (possibly) 'elementary' normalization factors, in agreement with the proposed 
identification. This is (in general) the only way to preserve the basic recursion 
relations under 'level-rank' duality. In the next section we give further evidence of 
this picture. 

9.2.2 Semi— classical limit 

In this section we provide further evidence of the above picture, but considering 
the semiclassical limit. In doing so we discover important facts about where the 
partition function localizes. We have already predicted that this should correspond 
to expectation values of the line operators corresponding to fixed points of the R- 
transformations; furthermore we shall see later that these classical solutions cor- 
respond to diagonalization of the Verlinde algebra associated to the corresponding 
RCFT. 

Recall that our Chern-Simons theory is characterized by the quantum parameter 
q and that the semi-classical limit corresponds to the limit q — > 1. The recursion 
relations (our 'Schwinger-Dyson equations') are the quantum analog of the classical 
equations of motion. Thus, in the limit q — > 1 they should reduce to the equations 
of some classical system. Which system will we get for our case? 

Since K(q) = mn = e~ lHn is the quantum operator generating a (discretized) 
time evolution whose classical limit is precisely the trajectory of the F-system, the 
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q — y 1 limit of the traces 



Tr 



-Mr 



O 



Tr 



K{q)0 



should satisfy the F-system evolution equations. 

The quantum traces of K(q) are expected to be exactly given by the semi-classical 
approximation (parallel to the fact that its quantum action is the normal-ordered 
version of the classical one). Indeed, from the viewpoint of the original 4d M = 2 
theory, Ty K(q) is a supersymmetric index. Thus, the (semi) classical limit should be 
strong enough to uniquely characterize the quantum traces, and hence to establish 
our identification (I9.9p . This follows because g-dependent corrections can be viewed 
as 'gravitational corrections' and should be equivalent if the underlying gauge systems 
are; the latter can be checked by studying the q — > 1 limit. 

e -iH n - g q Uan tum version of the symplectomorphism associated to the Y— 



system. Using the Duistermaat-Heckman formula [8 



we get (schematically) 



Tr 



-iH n Q 



(functional determinant) O, 



(9.13) 



fixed points of 
Y— evolution 



where we argue that the functional determinant is independent of the fixed point 
due to the underlying supersymmetry of the computation. 

On the other hand, Tr[e _ii ^ D (9] is of the form f !9.2p . Writing Zj = exp(zj), 
where Zj is the field coupled to the source B = ej, and taking the q — > 1 limit of the 
recursion relations (19. 4p . we get the classical equations 



IK 



(9.14) 



It is well known that these classical equations are equivalent to the fixed point equa- 
tions for the F-system if A is equal to Cq ® Cq} (or, dually, to Cq 1 <8> Cq 1 ). To show 
this, we introduce the following notation: (/(Y)) stands for the rankG x rankG" 
matrix whose (k, I) component is /(lfc,«)- Then the fixed point equations for the 
F-system read 

1 + -J =( 1 + Y ) • ( 9 - 15 ) 
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Writfl 

Y = (i^) , (9,6) 

then eqn.f l9.15j) becomes 

(l-Z) 1 ®^' =Z c G ^i ; ( 917 ) 

or, equivalently, 

(1-Z) = Z Cg0C g' 1 , (9.18) 

which is of the form f !9.14p with 

A = C G ®C G ,\ (9.19) 

in agreement with the identification (19. 9p . Making Z -H- 1 — Z, corresponding to 
Y -H- Y _1 , implements the 'level-rank' duality A <H- A -1 . 

It is also clear that the 'level-rank' duality must be supplemented by a non-trivial 
field/source redefinition in order to keep the traces in the canonical \a form. 

We consider this argument as further evidence for the correctness of the identifi- 
cation (USD- 

Later in this section, we shall check some of these expectactions in simple models. 
In particular, we shall see elementary examples of the A -h- A~ l duality. However, 
to check the level-rank duality in full generality is probably quite hard. Indeed, 
the relation between the corresponding characters, xa and Xa- 1 , seen as an identity 
between g-series, is in itself a remarkable theorem in combinatorics and Number 
Theory which may or may be not known to the math literature. Below we shall 
establish some new deep identity of this kind just by considering the very simplest 
M = 2 theories. Even to state the precise mathematical equality one has to check 
is a rather complicated issue, due to the fact that the 'trivial' overall (relative) nor- 
malizations appearing in the identifications, while dynamically trivial, as functions 
of q are higher transcendental objects. 

Luckily, however, there are some examples in which the g-series equalities have 

19 This redefinition may seem unnatural at first sight. However, as better explained in section 
110.11 one has a full modular trajectory of classical limits corresponding to q —> e 2mT with r <G Q. If 
q is a non-trivial root of unity, we get a discrete dilogarithm correction which makes the change of 
variables Y — > Z look natural, in view of the properties of the discrete dilogarithm |41j . 
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already been established. For instance, for the dual pair of the (2,m)/(m — 2,m) 
minimal models it is known that the respective characters are related by a q -h- q~ l 
duality [EH]. In these cases one can be very explicit. 

In the next subsection we argue that the Verlinde algebra of the corresponding 
RCFT is generated by the Xi in the classical limit, in a canonical way. Moreover the 
above fixed semi-classical loci diagonalize the Verlinde ring. 

9.3 Line operators and Verlinde ring for (G, G') models 

In the previous sections we have seen that the path integral that computes the trace of 
the monodromy operators will give rise at least in the (G, G') theories to characters 
of RCFT's. Moreover the insertion of the line operators Xi in the path integral 
corresponds to changing the characters of the RCFT (i.e. shifting the lattice sum by 
linear terms in the lattice momentum). 

Tr K(q)(l[X r ) ^J2 C <*X<* 

a 

and insertion of an extra Xi changes the characters, and so we have roughly the 
structure 

Xi ■ Xj — Xk 

The question is whether this can be made precise, and in particular if the can 
be made to be suitable positive integers as is required for the Verlinde algebra [86] . 
Though this fact is not known in the full generality, in many cases (e.g. (A, A') cases) 
this turns out to be true, as we will show using the work of Nahm and collaborators 
[7HI87] , in relation to TBA systems. To make this more clear we consider the limit 
q — > 1 discussed in the previous section. In this limit we expect Xi to be represented 
by c-numbers, consistent with the recursion relations. In particular a suitable basis 
for Xj's were discussed and denoted by Z and were shown to satisfy 

(l-Z)=Z° o8C tf, (9.20) 

which can be viewed as the equations defining the values of Z fixed by the mon- 
odromy. That they should be fixed by the monodromy to contribute to the trace is 
clear, as the pieces not fixed by it will give zero contribution, by the trace property. 



82 



The solution to these equation, a question motivated by TBA, has been studied in 
the literature and in particular in [7^1187] . Following the approach in [71] we define 
a new set of variables 

which leads to 

Multiplying both sides by <3> 2 and rearranging terms yields 

$2 = $ 2(1®1)-1®C G , _|_ $ 2(1®1)-C G ®1_ (9.21) 

Note that since 2 — C is a positive integral matrix, this equation is a relation with 
integral powers and positive terms, which could in principle be a consequence of the 
Verlinde algebra, Indeed this relation between the fixed points of the V-system and 
the corresponding Verlinde algebra works as pointed out by Nahm and collaborators, 
at least for the (A m _i, A n _i) theories. In that context the fields & a ,i, with 1 < a < 
(m — 1) and 1 < i < (n — 1), get related to the SU(m) n characters (whcih are the main 
building blocks of the corresponding coset SU(m) n /U(l) m ~ 1 fields) and are labeled 
by the A m _i and A n _i nodes respectively and correspond to representations p ai of 
SU(m) in the i-th power of the a-th anti-symmetric fundamental representation |74j . 
In particular the solutions of the above system are given by 

$ ati = Tr Pai (g) 

where g are particular elements of order (m + n) (or 2(n + m) if m is odd) in SU(m), 
as is familiar in the context of diagonalization of the Verlinde algebra. We will see in 
the context of some examples, how similar Verlinde algebras arise. For example, we 
will show how the Verlinde algebra for the (2, 5) model arises for the full mondromy 
in the (A 2 , Ai) models corresponding to the (Ai,Ti) TBA systems. 

9.3.1 The cluster— algebra interpretation 

In view of future extensions to theories more general than the (G, G') ones, we briefly 
comment on the interpretation of eqn. fl9.2ip in the context of cluster-algebras. Let 
Q (= G □ G') be the quiver associated to the given model. We attach a variable $fc 



S3 



to each vertex k G Q. Then eqn. (19.211) may be written in the form 



®k = n $ * + n ^ ( 9 - 22 ) 

arrows arrows 
i—>k k—>j 

which extends to any quiver Q (without 1- or 2-cycles). 

In fact, eqn. (l9.22p is the fixed-point version of the basic defining relation of a 
cluster-algebra, namely the exchange relation [45ll48ll49l [88j. which generalizes the 
Ptolemy relation of Euclidean geometry. From the algebraic viewpoint, the exchange 
relation is more fundamental than the one associated to the Y-system [41)1 185]. 

Indeed, in the math literature [4"5||88] the definition of the quiver mutation at the 
vertex k, fik, is supplemented by the instruction of changing the associated variable 
$fc into <&' k defined by 

n $ + n ( 9 - 23 ) 

arrows arrows 
i—>k k—t-j 

while $j remains invariant for j ^ k. These relations can be also be interpreted as 
T-system whose relations with TBA and RCFT are known (see ref. [8T) | I8"T |I8"9TI9~1"] 
and references therein). 

In the special case of the G(k, n) cluster-algebras the exchange relations reduce 
to the Pliicker ones, as we shall see in the explicit examples below. 



9.4 Representations and traces for quantum torus algebras 

In preparation for the explicit computations, we briefly discuss the meaning of the 
trace in our quantum algebras. 

There is a canonical definition of a trace over the quantum torus algebra, namely 
the unique normalized trace-state in the sense of C*-algebras and Non-Commutative 
geometry [22] • For the quantum algebra with (invertible) generators Xi and relations 
XiXj = q etJ XjXi, and any Laurent series 

the canonical trace is 

Tr can FpQ) = a 0) o,..,o. (9.24) 
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When the torus algebra is associated to a bi-partite simply-laced quiver Q with V 
vertices (as it happens for the (G, G') theories), a convenient Hilbert space realization 
of the algebra can be given0 fro L 2 (U. Ve ). One writes 

{exr>(ixi) i even 

; (9.25) 
Aj exp (27T r dj dxj) i odd. 

where q = exp(27rzr) and Aj G (C*)^ . The conjugation 

x 2k+ i ( n * 2 ?) _1 ( n x % j ) > ( 9 - 26 ) 



sends A 2 fc+i into q e ^+i,2j n 2 j \ 2 u_ J , j so (up to conjugacjo) the Aj's take value in the 
V^-dimensional complex toruo J 

J: A 2fc+1 ~q*»«w* \ 2k+1 Vn 2i eZ. (9.27) 

In the Schroedinger picture (19.25 p . an operator O is represented by the integral 
kernel (x2,X4, •■• |(9|x 2 , £4, • • • ), and the trace is simply the integral of the kernel 
along the diagonal subspace, x 2 e = x' 2t 

However, L 2 (E} V ^ 2 ^) is far from being an irreducible representation of the quantum 
algebra. In fact the dual torus algebra generated by the operators [5"Tjl5"2"] 

X v = { 6XP d / dXi ^ i 6Ven (9 28) 

[exp (i r" 1 e~l Xj) i odd. 



commutes with the original torus algebra I. Then, in order to extract the irreducible 



20 Actually, only for \q\ — 1 the Xi's are bounded operators defined on the whole L 2 (M). Otherwise 
they are only densely-defined. 

21 We write V e (resp. V ) for the number of even (resp. odd) vertices in the bi-partite quiver Q. 

22 If |g| = 1, as in the physical theory, this means up to unitary equivalence. 

23 If the skew-symmetric pairing is degenerate, J has the form T x C m , with T a compact 
complex torus. 

24 This doubled quantum torus algebra would naturally arise if we complete the cigar in our 
construction to an S 2 . It is the algebra associated with the 'anti-topological sector' given by the 
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trace-blocks, it is convenient to consider more general expressions of the form 



Tr L 2[M(q)F{Xy 



dx 2i (x 2 , x 4 , ■ ■ • | M(q) F(Xy) \x 2 , x 4 , 



which we see as 'generating functions' for the trace-blocks of M(q). 
Finally, one has a path integral representation of the form 



»[...]= j [n. 

periodic 



exp 



dt 6j 



which is convenient for general arguments as those in the previous subsection. 



(9.29) 



(9.30) 



9.5 The trivial quiver 

The simplest possible example is the trivial quiver, A^UAi, consisting of just one 
node and no arrows. From the point of view of TBA, (Ai, Ai) corresponds to a free 
fermion (trivial ^-matrix). In this case, the quantum algebra is generated by a single 
invertible operator Y, and hence it is commutative. The monodromy acts trivially 
since all adjoint actions are trivial in a commutative algebra. This makes the (A\, A\) 
example somewhat degenerate. In particular, in an irreducible representation Y acts 
c-number. 

However, M(q), while commuting, is not a trivial function of q. Indeed^!. 

M(q) = q^ ¥(y; q) 9^ ?) = ^ E ^ - ^f 1 , 0-31) 

which is the partition function of a complex massless free fermion. Since M(q) = 
Y(q) 2 , the half i?-twist Y(q) should correspond to a single (real) massless free fermion 
which is the CFT limit of the {A\, A\) integrable theory. 

other half of S 2 . 

25 For convenience, we redefines M(q) by multiplying it by g -1 / 24 , which is a pure phase in the 
physical situation \q\ = 1. 
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The canonical trace, 

Tr can M(g) = -^. (9.32) 
77(g) 

is just a particular sum over the different irreducible representations. The same is 
true for the trace of Y(q) 

00 

Tr F(g; A) = ¥(A; g) = " <f +1/2 A). (9.33) 

k=0 

This example clarifies which kind of 'trivial' factors we shall expect to appear in the 
monodromy traces. 



9.6 The (A 2 ,A 1 ) theory 

The first non-trivial example is A2OA1. We shall first check the main themes of 
this section on this model, where detailed computations are doable. In this case we 
shall find that Tr M(q) lead to characters of the (Ai,T\) TBA, i.e. (2,5) minimal 
model corresponding to Lee- Yang edge singularity. Furthermore we show q — > g" 1 
leads to characters of (3,5) model. We also consider the trace TrF(g) of the half- 
monodromy for the (A 2 ,Ai) theory and find that it leads to characters of the A 2 
level 2 parafermionic system corresponding to the SU(3)2/U(1) 2 coset. 

The quantum algebra in this case has just two generators, X, Y, satisfying the 
relation XY = qYX. The monodromy is 

M(q) = ¥(Y; q) (X; q) ^{Y' 1 ; q) v^X" 1 ; q), (9.34) 

with adjoint action 

M(q)- 1 X M(q) = Y^ (9.35) 
M(q)- 1 Y M(q) = (1 - q 1/2 Y)X, (9.36) 

of order r = 5. 
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9.6.1 Canonical trace — > characters of the (2,5) minimal model 

The simplest way to compute the canonical trace is to exploit the following basic 
identities for the quantum dilogarithrr@ (valid for \q\ < 1), 

I i \k k 2 II m—1 

q) = — ( \ X " where («! ?)m = II ( X " a ^') ( 9 - 37 ) 
k>o ^ q > k k=0 

*{X-q)y{X- 1 -q) = q 1 ^ r] {q)- 1 ^ g fc2 / 2( _ X) ^ (9 . 38) 

k&L 

q) *(F _1 ; g) = \1/(F _1 , g) *(-g _1 / 2 y- 1 A'; g) g) (9.39) 
Using the third identity to commute the two central factors in eqn. (19.341) . we get 

q~ 1/12 V (q) 2 M(q) = 



^ g("if+m|)/2_y ^_ Y) mi [XY~ l Y{— Y) m2 



(-l) a_5 C a _ 6 (g) g( a " b ) 2 /2 x 6 Y a , (9.40) 



where the functions Gg(q) are defined by 



1 qk 2 +ke 



G ^) = E^r fcGZ - (9 - 4i; 

k=o ^ q)k 



satisfy the three-terms recursion rule, as an example of 19.41 

G e+ 2(q)=q- {e+1) (G £ (q)-G e+1 (q)) 1 (9.42) 

and give the sum of one of the celebrated Ramanujan continuous fractions 

GWi(g) 1 



G k (q) 



l+_£ fc+2 



(9.43) 



E+3 



26 The first identity is the usual Euler product [93], the second one the Jacobi triple product 
identity, while the last one is proven in ref . [42] . 



One has 

G (q) = G(q), G 1 (q) = H(q), (9.44) 

where G(q) and H(q) are the Rogers-Ramanujan functions fD"4|, which express the 
sum of the basic Ramanujan continuous fraction (namely eqn. fl9.43p with k — 0). 
The celebrated Rogers-Ramanujan identities [95H9T] allow to rewrite them as infinite 
products (for I = 0, 1)0 

oo 

= II (1 - (1 - q^-y 1 - (9-45) 

j'=i 

From eqn. f)9.40p we have 

m 2 /2+l/12 

Tr can [M(g)X m ] = (-l) m q G m {q). (9.46) 



In particular, for m = 



Tr can M(g) = g 1 /i 2 g(g ) (9 . 47) 



r/(g) : 

which, again, may be written as an infinite product. 

To correctly interpret the above equation, we have to recall that the adjoint 
action fl9.35pfl9.36p defines M(q) only up to an overall normalization which may be a 
non-trivial function of q. We wish M(q) to be unitary for q a phase (real couplings 
of the CS theory), so the overall function should be a power of q. If we redefine 

M(q) -> q~ 1/10 M(q) (9.48) 

we get 

Ti - M{q) = q -^r- (9 - 49) 

which is in fact a I^^-modular function [99] . 

More physically, apart from the 'trivial' factor 77(g) _1 , the function is the modular 
character Xi^io) °f the (2,5) minimal model. This model has two independent 



27 We are informed by Ole Warnaar that this may in fact be done for arbitrary t using results 
of [981. 
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characters, namely 

X?f{q) = q- 1/m G{q) X ff(q) = q^° H(q), (9.50) 

which are transformed one into the the other under modular transformations. Apart 
from trivial factors, the two characters are precisely given by 

X ?f cx Tr can [M(q)] , X ?f oc Tr can [M(q) X] , (9.51) 

while the Ramanujan three-terms recursion relation (I9.42p just means that all the 
traces 

Tr can [M(q)X m Y n ] m,neZ, 

are expressed as linear combinations of the two basic characters an d Xii^- 

Both characters enter in the expression of Tr M(q) on a general representation of the 
quantum torus algebra. (Notice that the second (2, 5) character is, essentially, the 
coefficient of X in the expansion in the RHS of eqn. fl9.40p ). 

The general recursion relations ( 19.4[) which, as discussed in §. !9.2l define the traces, 
in the (A 2 , Ai) case reduces to the Ramanujan one (I9.42p . In fact the arguments of 
§. 19.21 give us a lot more: Let 

$ = -X 

and define 

(•■■) = Tr[---M(g)] 
The three term recursion relation then implies that as q — > 1: 

($ 2 ...) = (($ + l)---) 

where • • • stands for any line operators. Mathematically, this is, of course, just the 
fixed point equation for (A2, A{) classical monodromy. Physically, this equation says 
that the line operator $ is localized on a subspace which realizes the Verlinde algebra 
of the (2, 5) model: 

$ x $ = 1 + $ 

This is indeed remarkable ! Not only we are getting the characters of the (2, 5) model, 
but also we are finding a natural realization of the generators of the Verlinde algebra 
in terms of the line operators! 
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9.6.2 Tr can M(g) and the quiver of {A 2 ,A 1 ) 

There is another (equivalent) way of writing Tr can M(g). The equality of the two 
expressions may be regarded as a new identity of the Rogers-Ramanujan type. This 
second formulation has the advantage of shedding light on the relation between the 
characters of the (2, 5) minimal model and the Dynkin diagram of the A 2 Lie algebra. 

To get the alternative expression, one starts from the definition (I9.34p of M, uses 
the Euler identity (I9.37P to write each elementary factor as a Laurent series, and 
takes the canonical trace. One finds 

Tr can M(g)= ^ {q . q y 77. )2 = ( Q - Q )2 1 yj ' ( 9 ' 52 ) 

mi,m 2 >0 ^' ^ ,m i ^' y ^ m 2 m€N 2 ^ ' mi ^ ' m2 

where C 2 (resp. Ci) is the Cartan matrix of A 2 (resp. A±). 
One checks that (I9.52p coincides with (19.471) . 

9.6.3 Duality between the (2, 5) and (3, 5) minimal models 

The 'level-rank' duality A 2 □ A\ <H- A\ □ A 2 maps the (2, 5) minimal model into 
the (3,5) one. The duality of the characters between the minimal models (p,p') 
and (p' —p,p') has beeen established, from a purely CFT viewpoint, in ref. [85] (see 
also |100] Section 5.6): In a sense, the two set of characters are interchanged by the 
formal operation q — > q" 1 . Of course, we have to expect a relation of the characters 
only up to overall 'trivial' factors. 

The operation q — > q~ l maps the elementary factors ty(X ±l ; q), ty(Y ±l ;q) into 
their inverses ^/(X ±1 ;g), ty(Y ,q). To be a symmetry of the torus algebra, the 
inversion of q should be supplemented by X Y. Then the operation has the 
effecfl 



M(q) = V(Y; q) q) ^{Y~ x ; q) ^(X" 1 ; q) 

q y l *(y ; q y l ^{x~ l - q y l ^(y- 1 ; q y l ~ 

~ (X" 1 ; q)- 1 ^(Y- 1 ; q)~ l q)~ l *(Y; q)~ l = 

= M(q)-\ (9.53) 



As always, ~ means equality up to conjugacy. 
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Therefore, we expect to find the characters of the (3, 5) minimal model in the trace 
TrM(g) -1 . This would exactly correspond to the analytic relation between the 
characters of the (2,5) and (3,5) minimal models discussed in ref. [85] . 

We compute the trace in the L 2 (IR) (reducible) representation with Ai = 1 

X = exp(z'x), Y = exp(— 2tt ird/dx) (9.54) 
We first note that the operator 

M = $<!>(Y;q)- 1 = ^(X-^q)- 1 ^, (9.55) 
where $ is the Fourier transform normalized aJ^l 

+oo 

U{y) = J dx e~^ T i/j(x), (9.56) 

— oo 

has the properties 

M~ X XM = F" 1 (9.57) 
M~ l YM = (1 - q 1/2 Y)X, (9.58) 

and so it may be regarded as a representation of the quantum monodromy in the 
L 2 (R) Hilbert space. 

We compute the trace of M.~ x following the strategy outlined around eqn. f)9.29p . 
In order to get more symmetric-looking formulae, we make the special choice for the 
function F(X y , Y v ) = ty(Y v ; q), where q = exp(— 2tti/t) is the ^-modular transform 
of q. Then 

+oo 

Tr L 2 U{Y y - q)) M" 1 ) = — ^ [ dx ^(e ix/r ; q) ^(e ix ; q) exp(zx 2 /27rr). (9.59) 
V / 2n yT J 



-oo 



The Gaussian factor in the integrand has norm | exp(zx 2 /27rr)| = exp ( ^^ x 2 ), so it 
is absolutely convergent for Im r < (as is natural, since we obtained this expression 



20 



Here and elsewhere q = exp(27riT) with Imr > 0. 
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by making, formally, q — >• q x ). Expanding the ^ functions in powers using the Euler 
identity ( 19. 37ft and performing the resulting Gaussian integrals, we get 

where the sums now are convergent in the usual upper half-plane. The RHS can be 
written as a bilinear in the four blocks (here (q) m = (<7 : ?)m) 

„m 2 /4 „m 2 /4 

even odd 

~(m 2 +2m)/4 ~(m 2 +2m)/4 

*£ 5| («> = £ « 3/4 *» '<*> = D (9 - 62) 

m>0 W m m>0 W m 

even odd 

which are precisely the four conformal blocks of the (3,5) minimal model [75] ■ Each 
of these characters has an expression as an infinite product, thanks to the generalized 
Rogers-Ramanujan identities of Slater [97] . 

On the other hand, using the Rogers identities [9~7 ]I101] we may rewrite the above 
functions in terms of the Rogers-Ramanujan functions G(-), H(-) of argument g 1 / 4 

(±!)m g n 2 /4 G(±q 1 / A ) (±l)-g(« 2 +2n)/4 H(±q 1 / i ) 



(?)n (-^W^oc' ^ (9)„ (-9 1 /2; ? l/2) c 



9.6.4 Verlinde algebra for W sl ^ n '(2, 5) minimal models, (A n , Ai) theory and 
Hyperkahler space 

In section [9.6. II we have shown that the fixed-point equations for the (A2, A\) model 
reproduces the Verlinde algebra of the corresponding (2, 5) minimal model. This is 
just an example of a general pattern as discussed in § 19.31 In this section we will focus 
more generally on the (A n , Ai) theories, in the context of the full monodromy. We will 
give evidence later in this paper that this corresponds to the (Ai-i, T±) TBA system 
which in turn are believed to correspond to deformations of the (2, 5) minimal models 
of W sllyn \ As we have already noted the expectation values of the line operators 
contributing to the trace correspond to R-symmetry invariant configurations, and 
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on this subspace they should realize the Verlinde algebra. On the other hand the 
line operators can be viewed as coordinates of Hyperkahler manifold corresponding 
to compactifications from 4 to 3 dimensions, and R-symmetry should act on this 
space. Thus these distinguished coordinates evaluated at the R-symmetric points 
should realize the Verlinde algebra. Moreover these points form a basis where the 
Verlinde algebra is diagonalized. The Verlinde algebra for the (2, 5) minimal models 
of Virasoro is well known and we will recover the algebra for it. We are not aware 
of the Verlinde algebra for the (2, 5) minimal models of the W sl ^ model for the 
higher n's, but the result we find suggests that they should have at least a Verlinde 
sub-algebra realizing the algebra of the ordinary (2,n + 3) minimal model for the 
Virasoro algebra. 

We begin by recalling a few basic facts from [35] about the hyperkahler moduli 
space M. which arises upon compactifying (Ai,A n ) theory, from four to three di- 
mensions on the circle (with no twist). In this case, in its generic complex structure, 
M, can be described as a moduli space of SL(2, C) connections on C = CP 1 , regular 
everywhere except for a certain irregular singularity at oo. Temporarily fix a point 
on Ai, i.e. a particular flat connection. There is then a two-dimensional space of flat 
sections, which is acted on by the SL(2, C) of constant gauge transformations. By 
studying the asymptotics of the flat sections near the singularity, one obtains n + 3 
distinguished lines in this space — or said otherwise, n + 3 distinguished points z\ 
on the CP 1 of projectively flat sections. As we vary the flat connection these n + 3 
points vary arbitrarily, except that consecutive points in the cyclic ordering never 
coincide. Conversely such a configuration of n + 3 points actually determines a flat 
connection up to gauge. So altogether we find that M. is a dense open subset of 
(CP 1 )™" 1 " 3 / SL(2, C). The classical monodromy operator M acts on Ai simply, by the 
cyclic shift of the n + 3 points by 2 units. 

For simplicity we restrict to the case of n even. Write Zy = Zi — Zj, and then for 
< k < n + 1, define the SL(2, (C)-invariant combinations 



Here we consider what happens when we restrict these functions to the fixed locus 
of M. On this locus depends only on % — j mod n + 3. Call this quantity Pi-j, 




k even, 



k odd. 



(9.63) 
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and denote the restriction of to the fixed locus as then we have simply 

= — • (9.64) 
Pi 

Note in particular the relations 

$o = 1, = -$„+i-fc. (9.65) 

So we have nontrivial independent functions $ > • • • > on the M- fixed locus. More- 
over, applying the "Pliicker" relations 

z i,j z k,l + z k,i z j,l + z j,k z i,l — (9.66) 

with z = 1, j — r + 2, k — 2, I — £ + 3, gives 

$ r Q e = $ e - r + $ r -i^+i. (9.67) 

Note that for r = I this is exactly the kind of relation we have already anticipated 
(I9.22p . For n = 2 this gives the Verlinde ring of the (2, 5) model (modulo $i — > — <&i). 
For the general case, by induction this can also be written 

$ r $ £ = $ £ _ r + $ £ _ r+2 + ■ ■ ■ + $ £+r _ 2 + <^+r. (9.68) 

Remarkably, (19.681) is the Verlinde algebra [86] of the (2,n + 3) minimal model. 
It would be interesting to see if the algebra of W sl<yTl \2, 5), which is the model we 
would expect, is ismorphic to this. 

9.6.5 The trace of the half monodromy 

In all the (G, A{) models, the quantum monodromy M(q) is the square of the operator 
Y(q) which generates the solution to the associated F-system, M(q) = Y(q) 2 . It is 
natural to consider Tr Y(q). 

In the particular case of the (^2,^1) model, one hai^l Y(q) 5 = 1. Thus Y(q) = 

30 As always in the present paper, the real meaning of this statement is that Y(q) 5 is a central 
element commuting with all generators of the quantum torus algebra, namely it is the adjoint action 
of Y(q) 5 which is the identity. 
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M(q) 2 . Going to the L 2 (IR) representation, we consider 



* pr 1 ; q y l r * (y ; q y l ) " = g ) p ^x- 1 -, g), 



M 



where P = $ 2 is the parity operation P: x — > — x. Then 



(9.69) 



Tr 



L 2 



Fipr v )Ar 2 F 2 (y v ) 
= y da; (a;|^(e- 2 " Td/c(:c ; g) i^e" 2 ™^)! - x) ^{e~ ix ; q) F 2 (e lx/T ) 



(9.70) 



From the general identity, 



n,m 

= 1 -J2a n b m H((-l) m q- n / 2 )F 2 ((-irq 



V m/2^ 



linear combination of a n H(±q n ^ 2 ), a n H(±q n ^ 2 ), 



n odd 



we see that the expression (I9.70p may be written in terms of the four trace-blocks 



x(Q\ ?) 



E 



.(m^+m^— mi 7712 )/2 



(7711,7712) — Q mod 2 



(g; g)m! (g; g) 



(9.71) 



Writing m = (m 1 ,m 2 ) and introducing the matrix 



A = C A2 ® CI 1 



■I 1 



(9.72) 



we write the trace-blocks of Tr^2 F(g) in the general form of §§ 19.119.21 (see refs. 
JTSJUn]) namely 



rm Mm 



m— Q mod 2 



(g; g) mi (?; g) 



(9.73) 
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which correspond to conformal characters of the coset model [75],[76] (see also [77] ) 

SU(3) 2 /U(1) 2 , (9.74) 

which is precisely the UV fixed point of the A 2 reflectionless scattering theory whose 
TBA is given by the A 2 F-system. 

Thus, in the (A 2 , A\) theory all the expectations of § J9.2l are verified. The traces 
of the K(q) give the characters of the unitary CFT theory whose massive integrable 
deformation leads to the A 2 elastic 5-matrix ! 

Remark. Comparing eqns. ( I9~72l and ( 19. 52}) we see that TrM(g) = Tr K(q) 2 is 
given by double series whose (mi,m 2 )-th term is the square of the corresponding 
term in the double series giving the trace of K(q). 



9.7 (G,Ai) models 

The quiver of the (G,Ai) theories (where G = ADE) has the G Dynkin diagram 
as underlying graph. We shall write Yj, X k for the generators of the quantum torus 
algebra associated, respectively, to odd and even vertices of G. 



9.7.1 TrF(g) for the (G, A x ) models 

One has 



Y{q) = l(j[^{Y fl q))(j[^{X k] q)). 



(9.75) 



where I is the inversion (or parity in the Schroedinger picture) automorphism of the 
quantum torus algebra. 

In the Schroedinger representation of eqn.f l9.25j) with the Aj's set to 1, for any 
normal-ordered Laurent monomial iV^JjX- 3 Y\Y£ k ^ one has the identity: 



Tr L 2 [I.N 



[n*rn 



V n fe 



(9.76) 
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for a constant C that we set to 1 by rescaling the trace. Then 



?Mn<i)}\ = £(-i 



^m*-C G m/4 



(e)mi (5)ma " * " (?)» 

9' 



^ (?)mi (?)fna • • ■ (?)r 



(9.77) 



wher<£] |m| = ^,m, and 2x^(0) = (1,1,..., 1). 

Eqn. fl9.77p corresponds precisely to our identification (19. 9p . 

To get the full set of Xa(q] B, C) characters with A = QjfgjC^ 1 , one must consider 



more general traces 



Tr 



k 



The recursion relations (19 ,4p then give all such correlations in terms of a finite number 
of linearly independent (over the field C(g)) characters. 

TBA identifies the above xa characters with those of the coset model [T5|l76] 

(G {1) ) 2 /t/(l) r where r = rankG, (9.78) 

namely the so-called generalized parafermionic theory {G = A n gives the standard 
Z n+ i parafermions) . 

9.7.2 TrF(g, z) as a function on the torus J 

We reintroduce the coordinates A; of the complex torus J, eqn. (l9.27p . We define the 
vector z = {zi}i=i,... jr with components 

^ |logV(27rtr) .odd (g79) 
i even, 



31 The apparent discrepance in sign with respect to eqn. (|9.73[) for G = A%, is due to a different 
convention for the sign of the square root q 1 ' 2 ; the 'natural' convention from the id viewpoint is 
the opposite one with respect to the usual one for 2d solvable systems; cfr. the sign redefinitions in 
the discussion of section [5]). 
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the Zi's being well-defined up to the identifications 



Zi ~ Zi + rrii/r + Q ia n, 



(9.80) 



with fij Q the rectangular V x V e matrix (7^, 7«). 



Then eqn. (19.771) generalizes to 



Tr i2 [y (g, *)] = £ 



2in*-yl-m/4+(BC0)+ z ). m 



(?)mi (q)m 2 ■ ■ ■ (q)mr 



(9.81) 



We see eqn. (19.811) as a nice confirmation of our general picture. 



9.7.3 The canonical trace of M(q) 



The monodromy operator for the (G,A\) theory reads 



M(q) = ( J] g)) ( J] g)) ( J] tfQ^ 1 ; g)) ( J] ^(Xr 1 ; g)) . (9.82) 



We replace each \1/ in eqn. (19.821) with its Euler expansion ( 19.37p . and take the 
term of order zero in Xj, Y^. One get 9^1 



where r is the rank of G and Cq its Cartan matrix. 
More generally, one has the formula 

.m 1 ■ Cq ■ m/2 — a- m 

Tr can [M(g) ft^f ] = q^ £ J . (9.84) 

where a is an integral vector with vanishing odd entries. Again, we may write a 
finite-number-of-terms recursion relation for the traces (I9.84p . meaning that they 
may all be written in terms of a finiter set of trace-blocks (namely characters). For 

32 Z!L stands for the r-tupple of non-negative integers. 




'+ 



(9.83) 
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G = A n , these correspond to characters of the W sl ^ n \2,5) model, i.e. the (2,5) 
minimal model for the sl(n) W-algebra [78]. We show this by relating it to the 
characters of the (A n _i,Ti) TBA in the next section. 

As in the (A 2 , A±) example, the terms in the sum (19.841) are, term by term, the 
square of the corresponding ones in the sum (I9.77p . for (G,A±) half-monodromy. 

9.8 Wall— crossing and new q— series identities 

Comparing the two expressions for the canonical trace of M(q) for the (A^, Ai) 
theory, eqns. (l9.47p and (I9.52p . we get the identity 



This equation is already a remarkable identity of the Rogers-Ramanujan type which, 
to the best of our knowledge, was not known before. In fact, we can use the physical 
ideas of the present paper to generate many infinite families of such identities. Given 
the interest of g-series identities in Combinatorics and Number Theory, in this sec- 
tion we outline a strategy to generate many such identities and give some relevant 
example. 

We know from physics that the conjugacy class of the monodromy M(q) is a wall- 
crossing invariant. Thus, the function Tr M(q) k is independent of the BPS chamber 
in which we compute it. On the other hand, the explicit expression of Tr M(q) k as a 
g-series varies enormously from one BPS chamber to the other. Equating the g-series 
obtained by computing the trace in different chambers, we get identities between q- 
series, as well as identities between g-series and infinite products, which generalize 
those of Rogers, Ramanujan, and many other authors. It is conceivable that all the 
known such identities are just special instance of Ad wall-crossing; certainly, using 
wall-crossing we generate many new identities. 

As an example, we present an infinite family of such identities, generalizing 




(9.85) 



eqn. (l9~85D . 
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9.8.1 The (A n , Ai) theory in the linear BPS chamber and (A n - U Ti) TBA 

In §. 19.7.31 we computed TrM(g) for (in particular) the (A n ,A\) theory using the 
BPS spectrum of the canonical chamber. In appendix [D] we discuss an alternative 
BPS chamber for these models, namely the linear one with quiver 

X 1 < .V, < .V :i < .V, < ,Y„ , (9.86) 

corresponding to the A n quantum torus algebra in the form 

Xk+iXk = qXkXk+i (9.87) 
X k Xj = XjX k for |Jfc - j\ > 1. (9.88) 

As a by-product, this will lead to the identification of the trace of the full monodromy 
for the (A n ,Ai) theory with the UV characters of the (A n _i,Ti) TBA system. 

The quantum monodromy reads 

M(q) = q) V(X 2 ; q) ^(X 3 ; q) ■ ■ ■ V(X n , q) x 

x (Xf 1 ; q) * K 1 ; q) ^(X^ 1 ; q) ■ ■ ■ (X" 1 ; q). (9.89) 

Applying recursively the identities f l9.37pfl9.38p f l9.39p . we get 

q~ n l 2A M(q) = 

~ ^ <> ^ n-^x, „ ™ . . . 

where 0(x; q) = Ylkez q k2 ^ 2 x k . Expanding the functions in the RHS, 

(q^Mq)) n M(q)= £ £ X 

x , — ii vh+k2—h vh+ks—ls -\rl n -2+k„-i—l n -i v l n _i-\-k n 

X A x A 2 A3 • • • A n _! A n 
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Taking the canonical trace of both sides we get 



5 -/-lV c »M( 5 )= * £ 



V(q) n ,tf_ 1 (?k(?k"--(?k- 1 (9 ' 91) 



where C n _i stands for the Cartan matrix of A n _i. Then, for all A n , we have the 
identity 

„m'-CVm/2 n n/2A n £ t -C n - 1 -£/2 

V - = - V - (9 92) 

m ^ (q) 2 mi (q)l 2 ■ ■ ■ (q) 2 mn ~ v(q) n ^ (<0* (?k • • • ' 1 ' J 

The n = 1 case of this equality (corresponding to the trivial quiver) is an identity 
due to Euler [93]. The identities for n > 2 seem not to have been known previously] 33 ! 
We have checked this equality using Mathematica for n < 8 (up to order g 101 for 
n = 2) finding perfect agreement. For instance, for n = 5 both sides of eqn. f)9.92p 
have the g-expansion 

1 + 15 q + 100 q 2 + 500 q 3 + 2070 q 4 + 7546 q 5 + 24935 q e + 76320 q 7 + 

+ 219285 q 8 + 597655 q 9 + 1556718 g 10 + 3898485 q 11 + O (q 12 ) (9.93) 

It should be stressed that the series in the RHS of eqn. fl9.92p correspond to the 
TBA characters associated to the pair of Dynkin diagram (A n _i,Ti) where T n are 
the tadpole graphs. 

The identity (19.921) can be written in a more suggestive way. Introduce a Hilbert 
space with basis |0), |1), • • • , \k), ■ • ■ , and two operators R(q), L(q) acting on this 
space with matrix elements 

(mi-m 2 ) 2 / 2 

( mi \R(q)\m 2 } = q (9.94) 

q 1/M v{q){q) mi 

(mi-m 2 ) 2 / 2 

( mi \L(q)\m 2 ) = ; . (9.95) 



33 After posting the first version of this preprint we were advised by Ole Warnaar that these 
identities can be proven using standard hypcrgcomctric series techniques. 
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Then, the identity (19.921) can be expressed as 

(0|L(g)' 1+1 |0) = (0\R(q) n \0). (9.96) 

10 Trace of the monodromy for (G, G') theories II: 
The rational case 

If q is an iV-th root of unity, the irreducible representations of the quantum torus 
algebra have (finite) dimension N 8 , where g is half the rank of the skew-symmetric 
form (jijjj)- One may consider the quantum monodromy in this finite-dimensional 
setting. There is a subtlety in doing this, related to the'quantum Frobenius phe- 
nomenon' (§. 110.11 below) which eventually will lead to the Verlinde algebras of the 
relevant 2c? CTF theories (§. 19.6.41 below). In other words we have already noted that 
the line operators X 7 = are central elements of the quantum torus algebra and 
not suprisingly they transform under M according to the classical monodromy oper- 
ation. For the supersymmetric amplitudes not to vanish they should localize on fixed 
points of the R-symmetry action. Each choice of a fixed point, corresponds to fixing 
the boundary conditions on the Melvin cigar. Once localized, we find, in examples 
that X 7 realize the Verlinde algebra, and the representations of the cluster algebra 
are labeled by diagonlizations of the fusion ring. We then go on to illustrate how the 
rational case works in various examples. In some ways, the monodromy operator in 
the rational case is mathematically more well-defined as the relevant space is finite 
dimensional, due to the uniquness for the choice of the trace operation. 

10.1 q a root of unity: the quantum Frobenius property 

We specialize the quantum dilogarithm operators we have been discussing in the 
irrational case, to the case in which q is an iV-th root of unity, q — 1. 

Consider first the particular case in which q — 1. The quantum torus alge- 
bra reduces to the classical commuting one, and naively all adjoint actions of the 
monodromy and its 'elementary' factors, eqns. f)5.12p (15. 131) . become trivial. How- 
ever, physically, we know that this is not correct: in the classical limit q — > 1 the 
quantum monodromy is replaced by the classical monodromy which is a non trivial 
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symplectomorphism of the classical torus. In particular, the 'elementary' transfor- 
mation (I5.13P is generated by an Hamiltonian which is given by classical dilogarithms 
Li 2 (W 7 ). Indeed, for \q\ < 1 



k=l 

Writing q = e~ e and taking e — > 0, 



^ 1 (a s+1/2 x) k 



i 00 k i 

- \og^{q s x; q) = - ^ % - + 0(1) = - Li 2 (x) + 0(1), (10.2) 

k=l 

while the quantum commutators go to a classical Poisson structure on the commuting 
torus, 

[W 7 ,Wy] = e{W 7 ,W v } + 0(e 2 ) (10.3) 

{W 7 ,Wy} EE (±1)<™'> ( 7 ,7')W 7+ y, (10.4) 

where the sign factor (±1)^ 7 ' 7 '^ depends on which of the two roots q 1 ^ 2 — > ±1 one 
takes in the definition of the 'normal ordered product' 

W 7+ y ee (q-^^UyUy. (10.5) 

Dirac's quantization together with Ad J\[ = 2 index theory imply that the correct 
classical limit, for a Ad gauge theory, corresponds to the non-trivial sign q 1 / 2 — — 1. 

The e in the commutator f l 1 . 3 [) will cancel against the 1/e in front the Hamilto- 
nian f ll0.2p . and in the limit e->0we get a non-trivial classical symplectomorphism, 
and hence a non-trivial classical monodromy. 

The above discussion may be generalized to q an iV-th root of unity. From the 
Non-Commutative geometry of the quantum torus [92] we know that the two quan- 
tum algebras U^Uy = q^ 1 ^ U^IA^ and U^Uy = q^'^UfUy, where q = exp(27rir) 
(resp. q = exp(2mf)) and 

ar + b fab, 
f=— — -, with eSX(2,Z), 10.6 

cr + d \c d 
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are Morita equivqalent. In particular, a quantum torus algebra with r G Q is Morita 
equivalent to the classical (commutative) torus algebra. Here we shall not pursue 
this line of thought, but rather use the formulae from the topological string theory, 
since they lead to stronger results than plain Morita equivalence. 

In order to do this, we write q = exp(27rir) with 

T=1 h + l ip' (fc,iV) = l, ande>0. (10.7) 

We define the reduced q as q r = exp(— 27re). We have 

U?U$ = qM>U$U?, (10.8) 

so the variables (7 G V) generate their own reduced quantum torus algebra which, 
as e — > 0, becomes the classical torus algebra. In fact, at q N = 1, the variables 
belong to the center of the quantum torus algebra. The map from the quantum torus 
algebra to its center given by 

W 7 H- U% = U Nl (10.9) 

will be called the quantum Frobenius map. 

In order to get the formulae for q a root of unity, we have to consider \l/(g s W 7 ; q) 
with q as in eqn. fllO.71) and take the limit e -)■ 0. Write 

00 N-l 
n=0 j>0 h=0 

(10.10) 

If e <S N 2 , the RHS can be approximated to leading order as 

JJ(1 - e nik x N qi +1/2 ) = V(e nik x N ; q r ). (10.11) 

i>o 

This result has a simple meaning: it is the quantum dilogarithm on the 'reduced' 
quantum torus algebra (110.111) . Its effect, at the operator level, is to implement the 
adjoint action (15.131) on the quantum Frobenius subalgebra generated by the oper- 
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ators = C/jv 7 . As e — > 0, q r — > 1, the Frobenius subalgebra becomes classical 
(commuting), and the action of the monodromy reduces to the classical one, as be- 
fore. Moreover, the operators become central elements of the algebra and hence, 
by Schur's lemma, act as c-numbers in any irreducible representation of the torus 
algebra. The adjoint action (" 15 . 1 3[) maps (generically) the irreducible representation 
corresponding to given numerical values of the central elements to a different 
irreducible representation where the central elements take different values. 

More precisely, comparing the actions of the monodromy on the original quantum 
torus algebra and on its reduced subalgebra, we get the following 

The quantum Frobenius theorem Assume q = exp(27rik/N) with k, N co- 
prime integers. Then the quantum monodromy M acts on the central elements of the 
quantum torus algebra X 7 = e 2mk ( s i+ l / 2 )]j^ as tfo e classical monodromy M c i as acts 
on the W 7 's. 

Applying this result to simple <Ad N = 2 theories we reproduce the mathematical 
results which go under the name of quantum Frobenius identities [lU2j [55] . The 
above result, which we derived in §JU using path-integral arguments, is a far-reaching 
generalization of these results, generating more such identities. 

The Frobenius property is not the end of the story. At q an iV-th root of unity, the 
quantum monodromy has two effects: it changes (classically) the values of the central 
elements , mapping one irreducible representation into (generically) a different 
one, and it acts by an ordinary adjoint action on the finite matrices representing the 
operators W 7 in the given irreducible representation. This is the discrete part of the 
quantum monodromy at a root of unity. 

To get the discrete part, we have just to compute the subleading terms in 
eqn. (jl0.10p as e — > 0. We start from the identity 

N ~ 1 i 2-Kkrl/N ~lr ( mk/N -in^Y 

-w,*) = Y.Y\- — 'V < iai2 > 

(=0 r>l q 

where q = e~ 2mk ' N q, which is true for all iV's, fc's and \q\ < 1. Setting q = 
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exp(— 2ire/N 2 ), we have 



log ty(x; q) = 

N-i /, . , ,„ ,n ( 10 .13) 



= J-Li 2 (e™ k x N ) + y( l -±±P- + I) log (1 - e ™*('+i/2)/" x ) + 0(e) 
Z7re z — ' V A z I 
1=0 v 7 

The finite part of this expression is the discrete quantum dilogarithm at r = k/N, 

N-l 



Restricting to an irreducible (finite) representation of the quantum torus algebra 
at q = exp(2irik / N) , our discrete quantum dilogarithm function reduces, up to an 
irrelevant overall normalization^, to the discrete quantum dilogarithm defined in 
refs. j?UI32]- To see this, it is enough to check that it satisfies the same difference 
equation 

^( e 2«fe/JV x . k/N) dis , (1 - e mk x N fl N 



(10.15) 



In conclusion, at q — exp(27u/c/iV), the adjoint action (15 . 1 3[) corresponds to 
the combined effect of the classical sympectomorphism given by the Hamiltonian 
flow generated by = \A2{e ml e KlkSl UN^) ) which corresponds to the polar term in 
eqn. (110.131) . together with the adjoint action of the finite matrix ^(e 27TkSa / N U~ / ; k/N)^. 
acting on each irreducible represent at iorj^l of the quantum torus algebra, which is 
induced by the finite part of eqn. (110. 13]) . 

In this section we present an illustrative example, to show in concrete terms how 
the general principles work for the y 2 = x 3 Argyres-Douglas theory. More examples 
are postponed to Appendix [B 



34 The relative normalization constant depends on the particular irreducible representation, that 
is, it depends on the numerical value of the central element x . 

At q a root of unity, the irreducible representations of the quantum torus algebras are universal 
up to a rescaling of the generators (which corresponds to changing the numerical values of the 
corresponding Frobenius central elements). 
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10.2 The (A 2 ,A 1 ) model 

For (A2,Ai) the quantum torus algebra is XY = qYX. If q is a primitive iV-th 
root of unity, X N and Y N are central elements in the torus algebra. Then, on an 
irreducible module, they act as c-numbers X N = A and Y N = fi. The irreducible 
modules V\ tfl are classified, up to unitary equivalence, by the complex numbers A, ji. 
In Va, m , X, Y are represented by the explicit N x N matrices 

X = (A) 1 / Ar diag(l,g 2 ,g 4 ,---,g 2 ^- 1 )) (10.16) 
Y ij = W N 6 N (i-j-l) (10.17) 

where 5n(x) = jj^ k e 2mkx l N is the Kronecker delta mod N. The choice of iV-th 
roots in eqns. (110. 16p (110. 17|) is irrelevant (up to unitary equivalence). Notice that 

det(X) = (-l)^- 1 A, det(F) = (-l)^- 1 /i. (10.18) 



10.2.1 The monodromy M and the quantum Frobenius map 

The map 

X i-» Y- 1 

M: 1/Q (10.19) 

Y M- (1 - q 1/2 Y)X V ' 

is an automorpshim of the algebra XY = qYX (for both signs of the square-root 
g 1//2 ), but not of the irreducible representation V\^. Indeed 

det(X) h-> det(y)" 1 => 
M- (10 20) 

det(y) det(l - q 1/2 Y) det(X) /iH> A(l- q N/2 fJ>), 



that is the monodromy M acts on_| q N / 2 X N ', q N l 2 Y N the same way as the classical 
monodromy acts on X, F, in agreement with the quantum Frobenius theorem of 
section [TO. II (with s 7 = 0). The irreducible representation is invariant under M 
(leading to non- vanishing expectation values in the traces) only if fi = A -1 and q N / 2 \ 
satisfies the 'golden ratio' equation 

(g^A) 2 - (g^ 2 A) -1 = 0. (10.21) 



Note that from q N — 1 we have q N / 2 = ±1. 
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Iterating the map ( 110.201) five times we get back the original A and \i. So, in 
general, to represent the adjoint action of M we must consider the vector space 



@VM k (\),M k (iJ)- (10.22) 



fc=0 



of dimension 5N. Only if A = /i 1 and eqn. (110.211) is satisfied we can represent its 
action in a shorter module of dimension N. For generic A, fi we have 

Tr(M fe ) = if k ^ mod 5. (10.23) 

since M permutes the summands in eqn. (110.221) . 

On the contrary, on the short 'golden' representations (for a given q, there are 
4 of them, corresponding to the choice of a root q N ^ 2 = ±1 and a solution to the 
quadratic equation ( 110.211) ). the monodromy M is represented by an N x N matrix 
of the form 

M mn = D m q~ mn with D m+N = D m . (10.24) 
where D m satisfies the difference equation 

An-l = D m (A 2 /^ - g-+V2 A V^ | (1Q 25) 

whose general solution is a constant C times the inverse discrete quantum diloga- 
rithm, (see §. 110. D 

C 

m ~ \^n+l)/N ( X -l/N q l/2. q -l )m+l - ( 10 ' 26 ) 

The periodicity condition D m+N = D m is satisfied given that 

D m+N = {(q N/2 X) 2 - {q N/2 \y l D m = D m , (10.27) 

as a consequence of eqn. (110.211) . 

M 5 commutes with X and Y and hence we must have M 5 = (det M) 5//Ar • 1. We 
choose the overall factor C so that M 5 = 1. This fixes C up to multiplication by a 
fifth-root of unity. 
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Then the trace of M(N) in a 'golden' representation is 



N ~ 1 -n 2 (\-2/N\n+l 

tr M(N) = 0^2 ,L,L l2 . n L - (10-28) 



q -n* ( A -2/iV)n 



71=0 



(\-l/N q l/2. g -l )n+l 



Note that using 110.211 if we let $ = q N ' 2 X N and as before define the expectation 
values as 

(...)=Tr[--.M] 

Then we have 

<$ 2 ..-> = (($ + l)---> 

where ... stands for any line operators. In other words the line operator $ is localized 
on a subspace which realizes the Verlinde algebra of the (2, 5) model: 

$ x $ = 1 + $ 



exactly as we found in the q — > 1 limit of the irrational version of this model. 



10.2.2 Eigenvalue multiplicities 

Having normalized M(N) such that M(N) 5 = 1, its eigenvalues are fifth-roots of 
unity, and 

4 

Tr(il4) = N k( N ) e 2nike/5 , (10.29) 

fc=0 

where Nf-(N) are non-negative integers, namely the multiplicities of the eigenvalue 
exp(2irik/5) (and J2k-^k(N) = N). M(N) is well defined up to multiplication by a 
fifth-root of unity. The map M(N) — > e 2mm ^ 5 M(N) preserves cyclically permutes the 
set {N (N),N 1 (N),N 2 (N),N 3 (N),N 4 (N)}. Thus we may speak of the eigqnvalue 
multiplicities only up to cyclic permutations. 

The sets {N (N), N^N), N 2 (N), N 3 (N), N 4 (N)}/ (cyclic) will depend on finitely 
many choices: we have <f)(N) choices for the primitive iV-th root q, two choices for 
the root g 1 / 2 , and two choices for the solution to the golden equation (110. 21)) . 

Taking a uniform choice of q (q = exp(27u / N) , say), for each selection of q 1 ^ 2 and 
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A, the set 

{N (N), Nt(N), N 2 (N), N 3 (N), N 4 (N)}/ (cyclic) 
will have the following general properties: 

1. Up to cyclic permutations, one has 

N k (N) = [N/5] + a k (N), (10.30) 

where the eifc(iV)'s satisfy 

(a) \di\ < 1, 

(b) a-i < only for N = mod 5; 

2. the small deviations from equidistribution, ak{N), are periodic in N mod 10 
(mod 5 for some choices). 

These properties have been checked explicitly using Mathematica for N up to 50. 
The di(N) for various choices can be worked out. There is an interesting pattern 
that emerges for certain choice of q which reflects the R-charge of the chiral operators 
associated to x m deformations of the Argyres-Douglas model. As noted in section [3] 
these are non-trivial only for m^2 mod 3, and lead to R-charges 

2m + 4 

Rm Z 

5 

As we increase N by 1, we add one extra eigenvalue to M which ends up being the 
exp(27rii?) for the next chiral field. 

For simplicity, we restrict ourselves to odcjfj] JV's. Consider the subset of the first 
N chiral fields starting with x 3 , and let Qk(N) (A; = 0,1,2, 3, 4) be the number of the 
fields in this subset with R-charge | mod 1. Choosing q 1 ! 2 = exp(2iri/N) (this gives 
q a primitive iV-th root only for N odd) and the positive root of the Golden ratio 
equation we get the results in table [3l 

Although the match is perfect, we do not have a deep explanation of this fact. 
37 The match works also for N even with a suitable choice of the roots. 
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N mod 10 


{ Qo (N),Q 1 (N),Q 2 (N),Q 3 (N), Qi (N)} 


{ N Q (TV) , Nx (N) , N 2 (N) , N 3 (N) , N A (N) } 


10m + 1 


{2m + 1, 2m, 2m, 2m, 2m} 


{2m + 1, 2m, 2m, 2m, 2m} 


10m + 3 


{2m + 1, 2m + 1, 2m + 1, 2m, 2m} 


{2m + 1, 2m + 1, 2m + 1, 2m, 2m} 


10m + 5 


{2m + 1, 2m + 1, 2m + 2, 2m + 1, 2m} 


{2m + 1, 2m + 1, 2m + 2, 2m + 1, 2m} 


10m + 7 


{2m + 1, 2m + 1, 2m + 2, 2m + 2, 2m + 1} 


{2m + 1, 2m + 1, 2m + 2, 2m + 2, 2m + 1} 


10m + 9 


{2m + 2, 2m + 1, 2m + 2, 2m + 2, 2m + 2} 


{2m + 2, 2m + 1, 2m + 2, 2m + 2, 2m + 2} 



Table 3: Comparison between the .R-charges of the first iV chiral fields and the 
eigenvalues multiplicities for M N . The set {N Q (N), N^N), N 2 (N), N 3 (N), N 4 (N)} is 
well defined only up to cyclic permutations. 

11 Towards an explanation of RCFT models in 
(G, G') theories 

We have seen in the various examples considered in previous sections deep connec- 
tions between the BPS data of M = 2 theories in d = 4 with RCFT's in 2 dimensions. 
Here we offer an explanation of some of these results. We apply various string dual- 
ities to our setup which leads naturally to the corresponding CFT's. 

For M = 2 theories given by pairs of ADE singularities, the trace of the mon- 
odromy or fractional monodromy, lead to characters of RCFT's. Furthermore we 
have seen that insertion of line operators corresponds to changing the corresponding 
character. In other words we have a structure of the form 

Tr([[X?)M{q) = 

where rij form a (redundant) basis of labels for the characters of the conformal theory. 
We would like to explain how such a result may come about from the perspective of 
the four dimensional theory. 

The basic idea for explaining the appearance of RCFT relies on string dualities, 
and uses many details of our construction. For simplicity let us consider the case of 

x n = y m + uv 

As discussed in §. I7.2[ this corresponds to considering m M5 branes in flat space, 
fibered over the C x plane, where the M5 branes are separated for x ^ 0. Now, 
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according to our prescription, where we replace the 4d spacetime with 

M 4 ~* T 2 x C. 

Let us parameterize the world volume of the m M5 branes by 

T 2 x C x C x , 

According to our construction the two cycles of T 2 are twisted: For one of the circles, 
as we go around it we mod out by R-twist (or fraction thereof). Let us call that the 
R-circle. For the other one we mod out by the action of rotation of C represented 
by q (combined with an SU(2)r transformation). Let us call that circle, the g-circle. 
Viewing the R-circle as the 11-th circle, and taking it to be small, we obtain an 
effective IIA description, where the m M5 branes are replaced by m D4 branes, 
whose positions depend on x, captured by the expectation value of an adjoint scalar 
in the gauge multiplet. Let $ be an adjoint scalar in the SU (m) gauge theory on the 
brane. Then we can read from the geometry that it has an expectation value which 
depends on x: 

det(A-$(x)) = X m -x n 

According to our construction, in order to get the characters of the SU(n) m /U(l) n ~ 
theory we need to use a fractional R-symmetry (see § J5.2p . corresponding to modding 
out by x — > exp(2iri/n) ■ x, and at the same time rotating C by exp(— 2m/ n). Since 
we have taken the R-circle as the 11-th circle, and this is invisible to the D4 brane, 
it implies that the D4 brane worldvolume is 

S 1 x (C x ,C)/Z n 

In other words the SU(m) gauge theory of the D4 branes lives on an v4 n _i singularity. 
Even though in the 11 dimensional sense there is no singularity (which is reflected 
by some RR-fluxes being turned on in the 4d ALE space |103j ) the path-integral of 
the M5 branes will localize to configurations as if the space has a singularity, i.e. on 
fixed point of the R-symmetry action. In other words, the SU(m) gauge theory of 
the D4 brane living in 5 dimension lives on a four dimensional space with an A n _i 
singularity at (x = 0,p) (where p is the tip of C). Sufficiently close to the origin 
where (<&) ~ we have an approximate M = 4 SU (m) theory on a space with A n _i 



113 



singularity. The partition function of this theory [104] is captured by Euler class of 
moduli space of SU(m) instantons and according to Nakajima [H] these are in 1-1 
correspondence with the elements of Hilbert space of characters of SU(n) at level 
m. Moreover the choice of which representation of SU(n) m one gets, according to 
Nakajima, depends on the choice of boundary conditions, i.e. a flat connection at 
infinity, which is in 1-1 correspondence with maps 

<p : Z n ->U(m) 

The space of such <f>'s is isomorphic to the choice of characters of SU(n) m . Let us com- 
pare these with our predictions. For precisely this theory we had found that Tri^g" 1 ) 
gives the characters of SU(n) m /U(l) n ~ 1 . This is very close to the partition func- 
tion of instantons: The states of SU (n) m can be decomposed to the representations 
of level m parafermions of SU(n) (which make up the states of SU{n) m /U{l) n ~ 1 ) 
tensored with n — 1 free bosons. 

The choice of the characters of the Nakajima theory, is dictated by the choice 
of boundary conditions for the gauge field, which matches what we had predicted 
for our theory, namely the range of allowed boundary condition leading to non- 
vanishing partition function is dictated by fixed points of R-symmetry action which 
are in 1-1 correspondence with characters arising from monodromy trace. But we 
have seen more is true in our context: The insertion of suitable line operators change 
the characters of CFT. Thus, to match how characters arise in Nakajima's story, 
we would predict that insertion of such line operators should change the boundary 
conditions of the gauge theory, i.e. it should change the flat connection at infinity for 
the D4 brane. We now show how this arises. To do this, it is convenient to deform 
the theory so that the geometry is given by £ : y m = x n — 1. The line operator 
we inserted correspond, in this setup to insertions of the B field on M5 brane over 
2-cycles consisting of a 1-cycle 7 G -Hi(H) times Sg, invariant under the Z n action: 

X 1 = exp I i / B J 

We insert this operator and ask if the connection on the D4 brane at infinity has 
changed. This is the same as asking if fr x=0 y xC /% F l has changed, where % denotes 
some element of Cartain of SU(m) which can also be identified with the choice of 
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the difference of the gauge field between the i-ih and i + 1-st sheet of £ as viewed as 
an m-fold cover over C x . Lifting this to the M-theory, implies that in the M5 brane 
setup this is the same as asking if 

/ dB i 

J S\®{{x=0},C/% n ) 

has changed. This has indeed changed by one quantum (for suitable cycles 7) because 
the insertion of X 1 in the M5 brane language correspond to having an M2 brane 
ending on the cycle 7 <S> Sg and the flux this induces can be meausured by dB on 
the cycle surrounding it, which is <g) ({x = 0},C/Z n ). Thus indeed the map of 
Nakajima matches what we have found in terms of insertion of line operators. 

In the Nakajima approach, which we now see is the same as ours, the characters 
of 2d RCFT arises in the Hilbert space of the quantum mechanical system, but the 
two dimensional space in which the CFT lives is invisible, and can only be made 
visible after applying suitable string dualities, as in [T2]. This basically involves an 
11/9 flip in which direction we consider the extra dimension of type IIA. So far we 
viewed the R-circle of the m M5 branes, whose worldvolume is given by T 2 x C x C x , 
as the extra dimension. Following [12] we now consider the circle rotation along the 
anti-diagonal circle in C x C x as the 11-th dimension, replacing C x C x M 3 . We 
thus end up with m D4 branes with worldvolume 

T 2 x M 3 

where we mod out by an extra Z n action as we go around the R-circle. Thus the 
origin of K 3 has 'effectively' n D6 branes filling T 2 x R 5 , where M 5 is the space 
transverse to the D4 brane. In other words we have m D4 branes intersecting n D6 
branes at the origin of R 3 x R 5 . This leads to open strings stretched between D4 and 
D6 brane leading to fermions in the bifundamental represent aions of U(n) x U(m), 
i.e. a conformal system realizing U(nm) current algebra at level 1. On the other 
hand the gauge theory on the D4 branes is dynamical, leading to gauging the level 
U (nm)i: 

U(nm) 1 /U(m) n = SU{n) m 

living on T 2 . This is the same as the Nakajima system, but now the 2d space is 
visible as our T 2 . If we take the Cartan U(l) n ~ l C SU(n) to also be dynamical this 
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would lead precisely to the parafermionic partition function we have obtained. 

There remains some points to clarify: In particular the role of the parameter q. 
In the context of Nakjima the parameter q is related to the gauge coupling constant 
r by q = exp(27rzr). For us the q parameterizes the action of the rotation on C 
(as well as an SU{2)r rotation) as we go around S 1 . Also in the context of the 
brane intersecting on T 2 , the partition function of the chiral fermions would give the 
corresponding characters only if we identify q = exp(27rir) where r is the modulus 
of the T 2 . The connection of this with the q rotation of the cigar is a bit mysterious. 

It would be interesting to connect the physics of 4d more directly to TBA systems. 
So far we have obtained only chiral characters for the CFT, and not the full partition 
function. For this to appear we need the anti-chiral characters. This naturally 
suggests using the tt* geometry and replacing the cigar C by an S 2 (somewhat 
reminiscent of the proposal of [TT] as to how Liouville characters arise). This would 
naturally explain, also the appearance of the doubled commuting torus algebras that 
we have noted in this paper, in the context of irrational q. We would thus conjecture 
that compactifying the M = 2 theory on an R-twisted circle times an S 2 x T 2 with a 
suitable R-twist on the circle, leads to the quantum mechanics of the TBA system on 
T 2 . Moreover, certain deformations of the 4d theory, should correspond to integrable 
deformations of the CFT leading to TBA systems. It would also be interesting to see 
if there is any relation between the way TBA arises here as compared to the setup 

of US] 

Even though there are a number of open questions we feel that the basic expla- 
nation we have found for our findings is on the right track. 

12 4d/2d worldsheet correspondence conjecture 

In the previous sections we have seen that there is an interesting correspondence 
between 4d CFT's and 2d CFT's, roughly related by geometric reduction from 4 
dimensions on the Melvin cigar. As already notes, along the way we found an- 
other connection with 2d systems: The quivers of the 4d theory and their mutations 
matched that encountered for 2d quivers encoding the solitons of M = 2 systems. 
In this section we first review how quivers arise naturally both in 4d and 2d M = 2 
theories. We then propose a correspondence which is roughly a 2d worldsheet /4d 
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target correspondence. We show how this can be used to import the 2d Af = 2 
classification program into the 4d one. 

Similar ideas relating worldsheet dynamics and 4d solitons have also been con- 
sidered in [105] . 

12.1 4d theories, 2d theories and quiver mutations 

As already mentioned the structure of the 4d quivers and their transformations mir- 
rors that in the quiver diagram summarizing the BPS data of M = 2 theories in 
2d. In the 2d context the quiver has one node for each vacuum of the theory, and 
arrows representing solitons going from one vacuum to another. More precisely, 
Bij is identified with the integral skew-symmetric matrix y^j which is defined by 
the IR asymptotics of the supersymmetric index ffi llOfi] . is the number 

of BPS kinks interpolating between the vacua \j), and the sign of /iy is deter- 
mined by the Fermi number fractionalization in the given kink sector as explained 
in [2]. For example, if we consider a 2d Landau-Ginzburg theory with superpotential 
W(X) = X n+1 + • • • , with suitable choice of couplings (for example W = T n+ i(X) 
where T n+ i(X) is the (n + l)-th Chebyshev polynomial), then from the explicit so- 
lution of the tt* equations [61] we see that the BPS soliton quiver is exactly the A n 
Dynkin diagram with alternating sinks and sources. 

As in the 4d case, the quiver we attach to a 2d theory is not uniquely determined. 
Apart from the trivial possibility of permuting the SUSY vacua, there are two natural 
options. One possibility is to change the sign of a vacuum |z) — > this has the 
effect of inverting all the arrows starting or ending at the z'-th vertex of Q. We may 
also move in the coupling space (without changing the UV CFT). Sooner or later we 
cross some wall of marginal stability at which the BPS multiplicities, and hence the 
quiver exchange matrix fiij, jump. We thus end up with a different quiver Q' . As in 
the 4d case, remarkably, this transformation of quivers is exactly a quiver mutation 
— in other words quiver mutation is identified with 2d wallcrossing! 

12.2 The 4d/2d classification correspondence 

In this section we explain our conjectured 4d/2d correspondence. Not surprisingly, 
the idea is that the 4d theory attached to a given quiver should correspond to a 
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2d theory attached to the same quiver. This is a very strong statement. Not only 
does this conjecture lead to a classification program for M = 2 theories in 4d based 
on the simpler 2d case, it also leads to a number of additional predictions for the 
corresponding 4d theory. 

We begin by considering Type IIB on a Calabi-Yau with an isolated singularity. 
As a warmup, let us take a Calabi-Yau 2-fold (i.e. K3). In this case it is known that 
the worldsheet theory of the Type II string has a subsector with a Landau-Ginzburg 
potential corresponding to the ADE singularity type [60]. The full M = 2 theory 
in this case is composed of the minimal model sector with c < 1 plus a Liouville 
sector with c > 1, combining to the critical value 2. Once we deform the singularity 
the LG model is deformed to a massive one. (The coefficients of the superpotential 
involve Liouville fields to compensate for the deficit in dimension of the relevant LG 
operators, so the full worldsheet theory remains conformal.) We thus get a map 
associating to each Calabi-Yau a 2d theory on the string worldsheet, whose non- 
universal part is a Landau-Ginzburg model. As in [62] one can argue on general 
grounds that any isolated singularity would have to lead to a W which has c < d — 1 , 
i.e. c < 1 for d = 2. Thus we recover the classification of ADE singularities of 
K3 from the classification of 2d M = 2 models with c < 1. Similarly, for general 
Calabi-Yau <i-folds, we would expect that the worldsheet theory involves a universal 
Liouville sector (with c > 1), coupled to a non-universal part which distinguishes 
between different Calabi-Yau's. 

In particular, in the case of Calabi-Yau 3-fold hypersurface singularities, we ex- 
pect to find associated worldsheet theories with c < 2. This is our proposed expla- 
nation of the 4d/2d correspondence in these cases: the 4d theory coming from IIB 
on a Calabi-Yau 3-fold corresponds to a 2d theory coming from the non-universal 
part of the string worldsheet theory. 

In particular, we propose that if we consider any CY 3-fold developing a hyper- 
surface singularity / = 0, the worldsheet theory will contain an LG model with 
the superpotential /. At least for the A type singularities this has been stud- 
ied, and indeed works as expected |107j . Let us roughly explain why, assuming 
this proposal, the quivers appearing in 2d and 4d would be the same. Consider 
f(xi) = 0,2 = 1,...,4, as a hypersurface singularity deformed by relevant fields, 
defining a local, non-singular CY. Let us single out the constant term and write in 
fact f(xi) — u = 0. Let W = f(xi). To each critical point (xj) of W, there is a unique 
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associated choice u for which a 3-cycle collapses: just choose u so that f(xi) — u = 
at the critical point. Generically this gives a conifold singularity, i.e. a collapsing 
S 3 . Thus, at this point, we have a massless BPS state. If we change u a little bit, 
this BPS state picks up some mass; we call it a "vanishing cycle." If we consider 
D3-branes wrapped on these vanishing cycles to be our basis of elementary BPS 
states, then they will be the nodes of our 4d quiver. On the other hand, the critical 
points of W are exactly the nodes of the 2d quiver! Next we may ask what are the 
electric-magnetic pairings of the BPS charges, which would give the numbers of ar- 
rows in the 4d quiver. In the IIB realization this should be given by the intersection 
product of the vanishing cycles. But this intersection product is a familiar object in 
the study of LG models: it is simply counting the solitons connecting vacua % and 
j [2] — and this is exactly what determines the number of arrows of the 2d quiver. 
So the quivers indeed seem to match. 

Our conjecture is more general than this example: we do not require that the 
worldsheet theory comes from a Calabi-Yau 3-fold singularity — it could be any 
conformal field theory with the appropriate central charge. Moreover, the "non- 
universal sector" we consider need not be a Landau- Ginzburg model in general. 



12.3 Consequences of the 2d classification 

We have already noted that quiver mutation corresponds to wall-crossing in 2d, an 
operation which does not change the theory. It is thus no surprise that the known 
results about the classification of quivers up to mutation are essentially the same 
as the results about 2d M = 2 models. Just to mention a few such correspon- 
dences: both 2d J\f — 2 minimal models and finite-type quiver-mutation classes (or 
representation-finite path algebras) are classified by finite ADE Dynkin diagrams. 
The classification for mutation equivalent quivers with < 3 vertices [4"o* |llU8j corre- 
sponds to the classification of 2d SUSY models with at most 3 vacua (see §§.6.2,6.3 
of [2] ) . In fact all of these correspond to theories with c < 2 and so would have to 
correspond to some M = 2 system in Ad. We find that this is indeed the case in § JT3l 

Indeed, the 2d classification program of [2] may be rephrased in purely quiver- 
theoretic language as follows: find all mutation-classes of quivers (without 1-cycles 
or 2-cycles) whose Coxeter element has eigenvalues which are all roots of unituffi 

38 The spectrum of the Coxeter element is a mutation-invariant of the quiver class. 
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Indeed, the Coxeter element of a quiver [7T] is exactly the 2d monodromy of the 2d 
M = 2 model with that BPS quiver, which was shown in [2] to have only roots of 
unity for eigenvalues. (Although this monodromy is analogous to the M we have 
been considering for 4d theories, we emphasize that the two are not the same and in 
fact have different orders, and are not identified by our 4d/2d correspondence! M is 
a target space monodromy as opposed to worldsheet monodromy.) In addition for 
the 2c? theory to correspond to M = 2 theory in 4d, its c < 2. 

Thus, in the 2d context we have a somewhat non-obvious criterion for what is 
an acceptable quiver: If the Coxeter element of the quiver has eigenvalues which are 
not pure phase (corresponding to R-charges in the 2d theory not being real), it is 
not acceptable! Assuming the validity of our 4d/2d correspondence, this translates 
into a rather nontrivial condition on the quivers which can arise in 4d theories. We 
will exploit this condition more fully in Section [13] below. 

13 Classification and identification of the quivers 

In this section we discuss the quivers corresponding to some specific M = 2 theories. 
First we use the known classification of 2d models with at most 3 vacua to classify 
M = 2 theories where the BPS spectrum is generated by at most 3 objects. Next 
we use this correspondence to give examples of quivers associated to a larger class of 
known M = 2 theories. 

13.1 Theories with 1, 2 and 3 generators 

1 generator. In string theory we can get a theory with a single BPS state just by 
taking Type IIB on the conifold: 

W(Xi) = x\ + x\ + x\ + x\ = /jL. 

The corresponding 2d theory is a Landau- Ginzburg model with superpotential W(xi), 
i.e. it has a vacuum with no solitons. 

The trace of the quantum monodromy M in this case is just the partition function 
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of a complex fermion: 

Tr M = - q n+1 *X)(l - q^X' 1 ) 

That this does not correspond to a conformal fixed point can be seen by the fact 
that M has infinite order: it acts b}@ 

X -»■ X, Y -> g 1/2 FX 



2 generators. This corresponds to quiver diagrams with 2 nodes. If the two 
nodes are disconnected we simply have two non-interacting U(l) theories, each with 
its own electron. If the quiver diagram is connected, the 2d classification in [2] would 
imply that there can be only one or two arrows connecting the two nodes. 

1 < 2 1 j 2 

The Ax quiver The A\ (Kronecker) quiver 

If there is only one arrow, then this BPS spectrum is that of the first Argyres- 
Douglas CFT (in the strong coupling region): 

W{xi) = x\ + x\ + x\ + x\ = u. 

The corresponding 2d theory is the first non-trivial minimal M = 2 model, given by 
the same W. The 4d monodromy in this case has order 5, as we have already seen 
(even though the 2d monodromy is order 3). 

If there are two arrows, then the quiver is the affine A\ Dynkin diagram (also 
known as the Kronecker quiver [72]). This BPS spectrum corresponds to the pure 
SU(2) Yang-Mills theory. The corresponding 3-fold geometry is given by 

W{xi) = (e Xl + x\ + e~ Xl ) + x\ + x\ = u, 

where we recognize the term in parentheses as the Seiberg-Witten curve. The corre- 
sponding 2d Landau- Ginzburg is known to be the theory corresponding to the sigma 
model on CP 1 (where the W is the mirror description of it). The monodromy M in 
this case has infinite order, consistent with the fact that the pure SU(2) theory is 

39 This monodromy is of course closely related to the fact that the theory has a running coupling. 
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Figure 3: The allowed quivers with three nodes. (The two A 3 's are equivalent), 
not conformal. 

It is interesting that the conjectured 2d-4d correspondence forbids the existence 
of a 4d M = 2 theory with two BPS generators whose charges have DSZ inner 
product > 3. For example we cannot have an TV = 2 theory in 4d which has only 
two solitons with (electric, magnetic) charges (1,0) and (0,3). It is reassuring that 
no such theories are known. 

3 generators. Last, let us look at quivers with 3 nodes. The disconnected ones 
correspond to combinations of the cases already discussed. The allowed connected 
ones in the 2d setting have been classified in [2]: namely, up to mutations, the number 
of arrows (oriented, say, clockwise going around the quiver) can be 



see figure O 

The case (1,1,0) is known to correspond to the LG model with W = X 4 ; we 
immediately infer that this corresponds to the next Argyres-Douglas theory, corre- 
sponding to the Calabi-Yau threefold with 



1,1,0), (2, y,y), (3, 3, 3), 



W = x\ + x\ + £3 + x\ 



= u. 
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As noted before, this theory has monodromy M of order 3, and should thus corre- 
spond to a CFT where all R-charges have denominator 3; it indeed does. 

The case (3,3,3) is known to correspond to the 2d sigma model into CP 2 , for 
which the mirror superpotential is 

W = e Xl + e X2 + e _Xl " X2 e-*. 

We would expect this to correspond to Type IIB on the local 3-fold given by 

W = e Xl + e X2 + e- Xl - X2 e- 1 + x\ + x\ = 0, 

which is indeed the mirror of Y — 0(—3) — > CP 2 [3811109] . (Note that the quiver we 
are discussing is also that for C 3 /Z3, which is the singular limit of Y.) 

Finally, what about the case (2,y,y)7 We now argue that this case corresponds 
to SU (2) gauge theory coupled to one matter field in the spin-? = y/2 representation 
of £77(2). The case y = we already discussed above when we considered two- node 
quivers: it indeed corresponds to the pure £77(2) theory in four dimensions. The 
case y = 1 corresponds, as discussed in [2], to the 2d Bullough-Dodd LG model, 
given by 

W = e Xl + e~ 2xi . 

According to our correspondence, it should then correspond to the 4d theory given 
by the local Calabi-Yau 

W = e Xl + x\ + e~ 2xi + xl + x\ = u. 

To see the relation to the SU(2) theory with one fundamental hypermultiplet, let us 
make the change of variables 

x 2 = (x 2 + e~ Xl ). 

This gives 

W = e Xl + x 2 2 - 2x 2 e~ Xl + x 2 + x\ = u, 

which is indeed a special case of the SW curve for Nf fundamental hypermultiplets 
(with N f = 1): 

W = e Xl + x 2 2 + P Nf (x 2 )e- Xl +x 2 3 + xl = u. 
The monodromy in this case is again of infinite order. 
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Next let us consider y = 2. This example was shown in [2] to correspond to a 2d 
LG theory with 

W = V(X), 

where X is a periodic coordinate on the torus, and V(X) is the Weierstrass function. 
The 2d-4d relation would map this to a IIB local geometry given by 

W( Xi ) = (7>(Xi) + x\) +x 2 3 + xl = u. 

We recognize this as the Seiberg-Witten geometry for the 57/(2) M = 2* theory, i.e. 
SU(2) with a massive adjoint field, as expected. The methods of [35] imply that the 
quantum monodromy in this case is just 1@ reflecting the fact that the theory is a 
mass deformation of a conformal fixed point with R-charges all integral. 

The cases with y > 2 were not fully explored in [2], except to suggest that they 
should correspond to 2d theories which are not asymptotically free, and thus are 
partially incomplete. This matches our conjectured equivalence with SU{2) theo- 
ries with one matter field of spin j = y/2 > 1: these theories are similarly not 
asymptotically free, and thus partially incomplete. 

It is quite remarkable that all the theories covered by the 2d classification do map 
to some known M = 2 theories in 4d. Not only this is a very nice check of the 2d-4d 
correspondence, it strongly suggests that we have a complete list of all 4d Af = 2 
systems in which the BPS spectrum is generated by three objects! 

13.2 Quivers for SU(N) Yang-Mills 

Exploiting the 2d-4d correspondence and the fact that quivers corresponding to many 
LG models are known, we can now propose quivers corresponding to many M = 2 
gauge theories. For example, if we consider pure SU(N) Yang-Mills theory, the 
Seiberg-Witten curve is known to be 

W = e Xl +P N (x 2 ) + e~ xl . 

40 This follows from the fact that the theory can be realized in terms of the (2, 0) SCFT on the 
torus with only "regular" punctures; nontrivial monodromy arises only in cases where there are 
irregular punctures. 
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-^1,1 < -^2,1 ► ^3,1 < -^4,1 > > < Xn-1,1 

X\ 2 > X22 ^"3,2 > X^ y 2 ■* < AjV-2,2 > -?Gv— 1,2 

Figure 4: The quiver A^.! □ 

From the perspective of the corresponding 2d LG model, separating this into two 
summands, we find that the corresponding quiver is the product of the A\ Dynkin 
diagram and a quiver corresponding to the (LG)n model. (So it has 2 x (N — 1) 
nodes, and link structure inherited from the two separate quivers, see figure HI) 

It should be straight-forward to extend these constructions to obtain quiver di- 
grams for various M = 2 theories. 
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A 2d BPS spectra and tt* in the presence of (many) 
collinear vacua 



In this appendix we extend the arguments already sketched in the appendices of 
refs. [2}|34] about the subtleties of the quantum 2d amplitudes when many vacua are 
aligned in the Z-plane, that is, when many (possibly infinitely many) BPS states are 
exactly on their walls of marginal stability As we shall see in an explicit 2d example 
such 2d theories are directly relevant for the Ad gauge theories and, in particular, 
the functions expressing the solution to the 2d tt* equations are the same entering 
in the solution of the corresponding GMN equations [I] for the quantum corrected 
hyperKahler metric of the M = 4 a-model obtained by compactification down to 3d. 

We begin by recalling some points discussed in |34j . 

A.l The case of collinear vacua with a central charge lattice 

In section H] we reduced the derivation of KS monodromy to the 2d case discussed 
in [33], using the Melvin cigar geometry. However in order to apply the results of 
that paper we need to extend the discussion there to the case where we have infinitely 
many collinear vacua, as will be the case for us: As discussed in section H] the space 
of chiral operators is spanned by Ui which form a quantum torus algebra. Suppose 
we have a U(l) n theory. Let us choose a canonical basis for electric and magnetic 
charge line operators denoted by U,Vi. Then we can choose an n dimensional lattice 
to label the electric charges Q where Ui act by 

Wi|Q) = g Qi |Q) 
Vi|Q) = |Q + e 4 ) 

On the other hand when we have a given 4d soliton, say with unit magnetic i- 
charge, it contributes to the 2d monodromy by infinitely many instantons, indexed 
by n leading to f[^Lo(l — Q n+s+ ^Vi)- For simplicity of notation let us absorb the 
s + j shift in a redefinition of Vj. In particular let us take one soliton contribution at 
a time: For n = we get a contribution to the 2d monodromy operator S given by 

S=(l-Vi) 
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This operator is given by 1 + T where T counts the electric vacua differing by 1 
units of electric charge. Indeed this is what was shown to be the case when we 
have one soliton connecting aligned vacua. See in particular the discussion in the 
refs. J2j[3l]. There are two additional effects: only subtlety here is that we have 
infinitely many vacua, instead of finite number of them. Below we confirm through 
a concrete example that no subtletly arises due to this additional ingredient. The 
other one is that we do not have only 1 soliton in 2d. Namely one 4d soliton gives 
infinitely many 2d solitons (of higher spins indexed by q n ). Thus adding the effect 
of next soliton is 

3 = {l-Vi){\-qVi) 

this is indeed the effect one would expect from the arguments in [2UM] for two solitons. 
Here the extra factors of q refer to taking into account shifting the spin of the vacua 
as well. In other words, now we have two solitons connecting the adjacent electric 
charge states, one of which shifts the spin, and the other does not. Continuing in 
this way, we obtain the full quantum dilogarithm@ 

In the next section we check that having infinitely many aligned vacua works as 
in the finite dimensional case without leading to additional subtleties. 

A. 2 A check in a solvable model 

We confirm the above expectactions by an explicit computation in a LG model, 
having a lattice Z of classical vacua, for which the tt* equations may be integrated 
in closed form. This is the LG model with superpotential 

W{X) = X(e 9X - fiX) + const (A.l) 

which has an infinite number of physically equivalent (massive) vacua and a spectrum 
of the BPS central charges {Z^} = {2(W (X a ) — W (Xb))} equal to Z, up to an overall 
complex factor. 

41 Here we have assumed a fermionic instantonic structure. In the bosonic case we would simply 
obtain the bosonic partition function instead. 
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A. 2.1 The Chiral Ring 



The critical points are at 



X k = - log - + —k with keZ. (A.2) 
9 9 9 

The corresponding critical values are 

W k :=W(X k ) = -^^k, (A.3) 

9 

where we adjusted the additive constant in W(X) in a convenient way. The Hessian 
at the critical points is H(X k ) = gX/j,, which is independent of k. In the sector Hkh 
the central charge is Z^k = 47riXfi(h — k)/g, and the BPS mass 

mhk = 4n^\h-k\. (A.4) 
\9\ 

The model has a lattice-translation symmetry T 

T: X -> X + 2ni/g. (A.5) 

Let l k be the chiral primary associated with the k-th critical point; using the above 
symmetry, we can consider the Bloch-wave chiral primary operators 

0(0) = e lk9 h, 0<6< 2tt. (A.6) 

As 9 -> + , O{0) ->• 1, the identity operator, while as 9 -> 2n~ we have 0{9) -> 
H(X)/ (gfiX), where H(X) = W"(X) is the Hessian of the super-potential (the 
chiral primay of largest charge). Although everything should be periodic in the 
angle 9, the above identification of the operators implies that most quantities will be 
discontinuous at the point 9 = 2tt. Under the symmetry T one has 0{9) e ld 0{9), 
and so the RG flow do not mix the Bloch-wave operators. The chiral ring 1Z is 
simply 

0(9)0(9') = 0(9 + 9'). (A.7) 
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A. 2. 2 tt* Equations 

Let C\ be the matrix representing multiplication in TZ by 

\- 1 W(X) = -2m( f i/g)Y,klk. 

k 

In the Bloch-wave basis it reads 

CW-2tt^|-. (A.8) 
g 89 

Consider now the ground-state (tt*) metric g^. Because of the symmetry T, it 
depends only on the difference k — h, and hence it has a representation 

9* = J ^e^G(6), (A.9) 
o 



where G{6) = (O(9)\O(0)) (vacua with different #'s are orthogonal, of course). Hence 
the function G(9) is real, positive, and periodic 

G{9 + 2tt) = G{9). (A.10) 



Since the topological metric is proportional to 1, the reality constraint [01] is very 
easy, and it reads 

\g\fi\ 2 G(9) G(-9) = 1. (A.ll) 

We write 

G{9) = _exp[L(0)], (A.12) 

where 

L(9) = L(9 + 2vr) (A.13) 

L{9) = -L{-9), (A.14) 

and we expect L{9) to be discontinuous (or otherwise non-analytic) at 9 = 2ir. 
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The dependence on A is governed by the tt* equation 



d~ x d x L{6) + 



4tt 2 


/' 


2 




9 


2 



dim = o, 



(A.15) 



which, for this peculiar model, happens to be linear. Since L{6) is real, periodic and 
odd, 



L(9) = Y J L m {\) sinl 



mt 



(A.16) 



m=l 



G{6) depends on A only trough |A| = p, since its phase can be cancelled by a redefi- 
nition of the Fermi fields. Then the tt* equation reduces to 



m 2 L m (p) = 0. 



(A.17) 



Set M = 4np\fj,/g\ (M = rrik,k+i, the mass of the basic soliton, eqn. flA.4j )). Then the 
general solution of eqn.( lA.17]) can be written in terms of modified Bessel functions 



L m (M) = lm K (mM) + i m I {mM) 

where 7 m and 7 m are real constants to be determined. In the IR limit, M — > oo, 
I (mM) blows up exponentially, which is unphysical, and hence we must set 7 m = 0. 
Thus 

oo 

L(0,M) = sm(m6)K (mM), (A.18) 

m=l 

and the Q-index is 

Q(9, M) = -M-^lMl = ljr im sin(m 9) (mM) K^mM). (A.19) 



m=l 



A. 2. 3 IR Limit 

In the point basis the Q index corresponds to the infinite Hermitean matrix 



2tt 



Qkh(M) 



d6 
— < 

2vr 



,i(h-k)6 



Q(0,M). 



(A.20) 
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From the explicit form, eqn. (1A.19j) . we see that 



Qkh = ~ Slgn( ^ k) l\k-h\ (\k — h\M) Ki(\k — h\M). (A.21) 

On the other hand, from the theory of the Q-index we know that in a general 
M = 2 model, in the IR limit, 

1 

Q kh ~ -iN kh exp(nrf kh ) — {m kh (3) K 1 (m kh f3), (A.22) 

Z7T 

where genericalliF^ N^h is an integer such that \Nkh\ is the number of BPS solitons 
in the sector %kh, having mass mkh, and fkh is related to the fractional nature of the 
Fermi number in the given non-trivial sector (in the model at hand, fkh = since 
H(Z) is proportional to 1). is the inverse temperature which we have set to 1 in the 
above computations. There is, however, an important caveat: eqn. (lA.22p is valid un- 
der the assumption that there is no (non-trivial) sequence of indices hi, h 2) . . . , hi = h 
such that 

m k h = rn khl + m hlh2 + m h2h3 H h m hl _ lh 

because otherwise in the RHS of eqn. flA.22j) we have also the contribution of the 



configuration of the I solitons having a total mass degenerate with that of the basic 
soliton. Hence, for the model at hand, the formula ()A.22j) can be trusted only for 
k - h = ±1. 

Comparing eqns. flA.2ip and ()A.22j) for \k — h\ = 1, we get for the first coefficient 



Ti = ±^±I (A.23) 

7T 



A. 2. 4 UV Regime 

One has \im z ^. (z Ki(z)) = 1, and hence 



q(0) := fim Q{9, M) = - 7m sin(m^). (A.24) 



m=l 



2 That is, in absence of vacuum alignement, which is not the case of the present model. 
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The function q{9) := q{9) — q(0), should correspond to the chiral charge of the chiral 
primary operator 0(9) at the UV fixed point (this operator should have a definite 
charge, since it is chiral primary and does not mix with the others). Hence, from the 
ring structure, eqn. flA.7j) . we get the constraint 



q(9 + 9') = q(9) + q(9'), (A.25) 

from which we infer 

q(0) = a {6 - tt) for < 9 < 2tt, (A.26) 

for some positive constant a. In particular, q(9) is discontinuous at 9 = 2ir, as 
expected. Now 

9-k = -2J2 8J ^ 1 for0<^< 27 r, (A.27) 

that is, 



m 

m=l 



4a / ■ n 

7m = , A.28 

m 



and, comparing with eqn. (1A.23j) . we get a = N/ (2ir), where > is the number of 



basic solitons of mass M. Then 

q(6) = N^. (A.29) 

The WKB method gives N = 1. Indeed, the discontinuity q{2ir) — q(0) = 1 should 
be equal to the central charge c at the UV super-conformal limit (A — > 0). Hence 
c = 1, the right result for a free M = 2 model with one chiral superfield. 

Eqn. (lA.28l) has a natural interpretation. There is no soliton of mass mM for 
m^l, and the term in Q(9, M) proportional to (mM)Ki(mM) arises from a chain 
of m basic solitons as in eqn. flA.2.3j) . It appears that such a m soliton contribution 
has a relative factor 1/m with respect to the one we would get from a genuine BPS 
soliton of mass (mM) soliton. 
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A. 2. 5 Relation with Ad M = 2 QED 



We note the identity 



d_ 

86 



9 . , 

logG(0,M) = cos{m(f))K Q {mM), 

7T ' ^ 



(A.30) 



m=l 



where the function in the RHS is precisely the one appearing in the wall-crossing 
analysis for M = 2 QED in four dimensions [I]. This is not at all an accident. It 
is further evidence of the fact that the same structures and geometries control the 
wall-crossing in 4d and in 2d. 

This is yet another detailed confirmation of the basic 2d/4d correspondence, in 
the target sense. 

B A generalized twistor construction 

In this section we describe a slight generalization of the construction of Section 13.41 
where the ambient space C 2 is replaced by a more general hyperkahler manifold. 



Let Q be a hyperkahler 4- manifold, with complex structures J^, Kahler forms go**, 
and normalized holomorphic symplectic forms (( G CP 1 ). Let 



The structures ( J^ =1 , oo^ =1 , f2^ =1 ) make Q into a Calabi-Yau manifold. The cylinder 
C x is also Calabi-Yau in a standard way. So X is a Calabi-Yau threefold with the 
obvious product structure. 

B.2 A conformal brane 

Let S C Q be a fixed 1-dimensional complex submanifold in complex structure 
J< =0 . Note that since E is complex inside (Q, °) it is special Lagrangian inside 



B.l A simple Calabi-Yau 3- fold 



X = Q x C x . 



(B.l) 
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(Q,o; c=1 ,fi c=1 ). Then define 



L = (£ x S 1 ) C X 



(B.2) 



This is the product of two special Lagrangian submanifolds and hence it is again 
special Lagrangian. 

B.3 A non-conformal brane 

More generally, let R : U(l)xQ -»■ Q be an action of U(l) on Q. Write R($) : Q -> Q 
for the action of e 1 ^ G U{1). Suppose that R($) is an isometry and i?(i?)*J^ = J e * ^, 
i.e. R(i9) rotates the twistor sphere by e J,? . Then define 



L is "fiberwise special Lagrangian", i.e. its restriction to the fiber of X over any 
( = e"' £ C x is special Lagrangian. The whole L however is not Lagrangian inside 
the whole X, unless E happens to be fixed by the U(l) action, in which case we 
reduce to L = L above. 

We can consider holomorphic discs D C X which have boundary along L. Sup- 
pose D is contained at a single point e 1 ® of the C x fiber of X. Then R(—d)D is a 
holomorphic disc on (Q, J^ =e% ) with boundary on S. 

B.4 Examples 

• Take C to be a compact Riemann surface, Q a sufficiently small [/(l)-invariant 
neighborhood of the zero section in T*C. Q then admits a unique U(l)- 
invariant hyperkahler metric |11U] . with the desired properties. Take £ any 
branched n-fold cover of C in T*C. This gives a non-conformal brane, which 
should become conformal in the limit where E degenerates to n copies of the 
zero section. 

• Take Q = M 4 with its flat metric. Identify it with C 2 with coordinates (x,y). 
An hyperkahler structure is determined by giving the Kahler and holomorphic 




(B.3) 
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symplectic forms in complex structure C = 0: they are 

0J3 — dx A dx + dy A d?/, w + = <iiA cfo/. (B.4) 
As usual, if we define u>- = ul+ the general holomorphic symplectic form is 

Then let R(#) act by (x,y) ( e ™tf/(™+™) X; e n ^ m+n )y). Note this takes 
07(C) — >* CJ 7(e~* 1? C)) so h acts in the desired way on the twistor sphere. 

Take E = {y m = x n } C This is fixed by all R(i9) and hence gives a 
conformal brane. This recovers the construction of the main text. 

C Diagram folding and non— simply laced Y— systems 

Many ADE models have a simpler formulation in terms of non-simply laced Dynkin 
diagrams of smaller rank. Here we limit to two simple examples just to illustrate the 
technique. In this way, also the F-system associated to non-simply laced Dynkin 
diagrams will play a role for the quantum monodromy theory. 

C.l The A 3 B 2 folding 

The A 3 quantum torus algebra, associated to the quiver 1 < 2 > 3 , is 

generated by three invertible operators Xi (i = 1,2,3) satisfying the quantum rela- 
tions 

X 2 Xi = qXiX 2 , X 2 X 3 = qX 3 X 2 , XiX 3 = X 3 X\. (C.l) 

In particular, the operator Z = XiX^ 1 commutes with all generators and hence 
belongs to the center of the algebra. This also implies that Z is invariant under 
monodromy: Z — > M ZM = Z. 

On any irreducible representation of the quantum torus algebra, Z is a c-number. 
Then we remain with a reduced algebra with just two generators, X 2 and X 3 , which 
then must be associated to a rank 2 Lie algebra. The Dynkin diagram for the reduced 
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algebra is obtained by folding the original one: 

1 < 2 > 3) — ► ( 2 > 3, 1 



Assume, for simplicity, that Z has the special value —1. Then the quantum mon- 
odromy reads 

M = (-X 3 ; q) V(X 3 ; q) ^(X 2 ; q) (-X3- 1 ; q) ^(X^ 1 ; q) (X^ 1 ; q) 
~ *(X 2 ; q) *(A7 2 ; q 2 ) *(X^; q) *(X 3 2 ; q 2 ). 

where ~ means equivalence up to conjugacy. 

Consider the sequence of operators Y k , fceZ with Y = X 2 , Y_i = X^ 2 , satisfying 
the quantum relations 

Y k+l Y k = q 2 Y k Y k+1 (C.3) 

and the recursion relation 



where 



Then 



¥(y fc+1 ; q k+1 ) Y k V(Y k+1 ; q k+i y l = Y£ 2 , (C.4) 



I 9 fc eVen / r 

q k odd. 



(C.6) 



Yfc +2 yfc = (1- q Ifc+i) fc even 

F fc+2 F fc = (1 - gV2y fc+1 )(i _ g 3/2 Ffc+i) fc odd; 

which are eqns.(60) of ref. jlQ] for the mutations in the B 2 cluster algebraic. In 
particular, the sequence is periodic mod 6: Y k+e = Y k . Notice that 6 is h + 2 for B 2 . 

The recursion relation implies the following remarkable expression for M 

M = (Y fe ; q k ) tt(y fc _ i; ^(F fe _ 2 ; g fc _ 2 ) #(Y fe _ 3 ; g fc - 3 ) V k G Z (C.7) 
which, together with eqn. (IC.4p gives 



Y k M = MF fc -4 ee MF fc+2 , (C.8) 



-l:s 



Up to the redefinition Y k —> —Y k . 
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so the quantum monodromy M of the A3 model implements Y k —> Y k+ 2 on the 
reduced B 2 quantum algebra, and hence must have order 3. Of course, this coincides 
with the order in tabled] for A3. 

The discussion for a generic value of the central element Z is similar. 
C.2 The L» 4 -> G 2 folding 

The -D4 quantum torus algebra has four invertible generators Y, (i — 1, 2, 3) with 
relations 

FX 4 = gX 4 F, XiX^XjXi, i,j = 1,2,3. (C.9) 

Again, the elements XiXj 1 are central, hence monodromy invariants. Therefore we 
have a reduced quantum algebra with only two generators, which should correspond 
to the rank 2 Dynkin diagram obtained by folding the -D 4 one, which is the G2 
diagram: 




For simplicity, assume the numerical values of such central elements is such that 
X k = e 27rik/3 X 3 (k = 1,2,3), and set 

{q k even 
q° k odd. 

Again, we have a sequence {Y k } ke z of operators satisying Y k+ {Y k = q 3 Y k Y k+ i and 
the recursion relation 

ffeft+Oy^^!;?^)- 1 = Y k - + \, (C.ll) 
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which implies 

Y k+2 Y k =(l- q 3/2 Y k+1 ) k even 

= (i - g 1/2 n+i)(i - g 3/2 n+i)(i - <? 5/2 n+i) fe odd 

which are eqns.(60) of [40] for G 2 (up to Y k — > — Y" fc ). The sequence is periodic mod 
/iG 2 + 2 = 8, while the physical monodromy of the model reads 

M = V(Y k+3 ; q k+3 ) V(Y k+2 ; q k+2 ) V{Y h+1 ; q k+1 ) V{Y k ; q k ), VkeZ, (C.13) 

so that M~ 1 Y k M = Y k+ 4, and hence the D A quantum monodromy has order 2, in 
agreement with table HJ 



D The (A n ,Ai) theory in the linear BPS chamber 
D.l Quiver mutation— equivalence 

In this section we briefly consider the monodromy operator for the (A n , A{) theories, 
in the alternative "linear" chamber corresponding to the quiver 

X n < X n _x < X n _ 2 i i X 2 i X 1 (D.l) 

where we write at each vertex the corresponding quantum algebra generator. This 
quiver is mutation-equivalent to the canonical A n one with only sink and source 
nodes 

n i Ti-1 ► n - 3 < ■ • ■ ► 2 < 1 (D.2) 

in fact, one can mutate the quiver (ID. 21) into the (ID.lj) by a sequence of mutations 
at sink/source nodes distint of the n-th one. This can be seen by induction on n. 
For n = 2 there is nothing to show. Assume the claim is true for the A n quiver 
and consider the A n+ i one. By mutations at the sinks n — 1, n — 3, n — 5, . . . we 
put the full subquiver with the (n + l)-th node omitted in the canonical A n form. 
By the induction hypothesis, we can put the subquiver into the linear form by a 
sequence of mutations at vertices distinct from the n-th one. Thus, rearranging the 
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A n subquiver we do not modify the direction of the n + 1 n arrow, which has 
already the right orientation. The resulting quiver is the linear A n+ \ one. 

Therefor the two quivers correspond to the same class of 2d M = 2 models. By 
the 2d /Ad correspondence discussed in this paper, the corresponding two Ad M = 2 
gauge theories should also belong to the same class of the proposed classification. 
Indeed, in section [9.8.11 we saw that, thanks to a new magical g-series identity, the 
traces of the monodromies of the two model agree. 

The phase-ordering of the BPS states is, of course, different in the linear chamber 
with respect to the one in the canonical chamber, and apriori their could have been 
extra BPS states. However, we will see that with the assumption of the same number 
of BPS states, we get consistent results validating the existence of this chambei@- 
Furthermore, in general we do not have a simple rule for the phase-order. However, 
in the Dynkin diagram models a practical way of finding an ordering which leads to 
a consistent monodromy was to select a sequence of elementary cluster-mutations 
1 cqk such that the corresponding sequence of quiver-mutations Yl k implements 
the inversion I of the quantum algebra, as needed to revover the correct PCT struc- 
ture. 

Let us consider the linear A n quiver (ID.lj) . For graphical convenience we rewrite 



(a segment of) the linear quiver in the form 




Let us try first, e.g., the even/odd order as in the canonical chamber. Then we 
perform first the mutations at the even (or odd) nodes which we draw in the lower 

44 This can in principle be established using the methods of [M] . 
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position in ( ID. 31) (the ones written in bold face). One would get the quiver 



Xk+lXk+2 



y—1 

(D.4) 

Now the result of the mutation at the upper nodes would depend on their order 
since they do not longer commute. However, no choice of order would eliminate the 
orizontal arrows in the quiver (ID.4I) reproducing the original one (ID.3p . 

On the contrary let us perform first /ii, then /12, after /13, • • • starting from the 
quiver (ID.lj) : 

/'; > A -, < .V, < .V.; < .V, > .V, 

/'•> > X 5 < .V, < X 3 > X, 1 < X\ 1 

/i 3 > X 5 < A'., > X 3 ; < A, ; < .Y ; 1 



A*n-1 
fJ>n = 



x„ 



< ^2 1 ^ 



*n 1 < *n-X 



xr 1 



X 3 1 < A~ 2 1 < X x 1 



so the quiver-mutation 

n ^ 

linear order 

maps the linear quiver back to itself up to the inversion automorphism / of the 
quantum torus algebra. Then the expression 



M(q) 



n a 

linear order 



(D.5) 



has the right PCT structure to be a quantum monodromy. The fact that it has the 
right order, traces, and fixed points confirms the identification. 
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D.2 Quantum monodromy 



From eqn.( 1D.5l) we see that in the linear chamber the quantum monodromy M(q) 
has the explicit form 



M(q) = ¥(X l5 q) *(X 2 ; q) v&(X 3 ; q) ■ ■ ■ *(X n ; q) x 

X ^(Xr 1 ; q) ^(X, 1 ; q) *{X 3 X - q) ■ ■ ■ ttpf" 1 ; g). 



(D.6) 



Since the linear quiver is simply-laced, the adjoint action of this operator can be 
computed using the techniques of section (16. 2p . and turns out to be: 



for 1 < k < n - 2 : 

~x k+2 (i -x 2 + x 2 x 3 - x 2 x 3 x 4 + • ■ ■ + (-i)*- 1 Yli=2 x i 



X h ^N 



1-X 2 + x 2 x 3 - x 2 x 3 x 4 + ■■■ + (-i)fc-i nf=2 Xi 



(D.7) 



and 



X n _!^(-l) n iV 



1 - X 2 + X 2 X 3 - X 2 X 3 X 4 + ■■■ + (-1)" 



niu^ 

Xl - X X X 2 - X 1 X 2 X 3 + . . . + JJ x, 



(D.8) 



i=l 



where 7V[- • • ] stands for the normal order. 

Here we just record the simplest nontrivial example: in case n = 2 this action is 
simply 



X^ 



1 



x 2 

X 2 ^X 1 (1-X 2 ) 



and fixed points are at 



{Xi,X 2 



x 



(D.9) 
(D.10) 

(D.ll) 
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where x is one of the 2 roots of the golden ratio equation 

x 2 + x - 1 = 0. 



(D.12) 



E Explicit construction of //□ for A m □ A n quivers 

In this appendix we explicitly construct the rational map /in for A m □ A n quivers, 
establishing eqns. f l8733|) ( 18.39^ of the main text. The quiver A m DA n is represented 
in figure [TJ 

We consider an inner plaquete of the quiver A m EH A n \ 



-> ^2i+l,2fc+l < X- 



2«+2,2fc+l 



(E.1] 



X2l+l,2k+2 > X2l+2,2k+2 <" 



where at each node we write the corresponding cluster variable. 

We perform the sequence of elementary quiver-mutations which defines /in. For 
plaquetes on the boundary of the quiver A m □ A n the following expressions must be 
modified in the obvious way. 
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Finally, gives back the original quiver with a mutated basis 



2l+l,2k+s 



n 



x 



2l+2,2k+s 



4 3 
s=0 s=l 



In conclusion, /in implements the classical rational map: 

-^2J,2fc+l l— > ^2Z,2fc-1^2Z,2fc^2Z,2fc+1^2Z,2fc+2^2Z,2fc+3 
-^2/,2fc+2 ^ ^2/,2fc+1^2/, 1 2fc+2^2Z,2fc+3 
^2i+l,2fe+l ^ ^2Z+l,2fc^2Z+l,2fc+1^2Z+l,2fc+2 

-^2Z+l,2fc+2 | — > ^2i+l,2fc^2Z+l,2fc+1^2«+l,2fc+2^2Z+l,2fc+3^2Z+l,2fc+4 
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with the convention 



X hk = 1 for k = or k > n, (E.10) 
and the exceptions 

• X 2 i,i !->■ X 2 ^ 2 X 2 ^ 3 (E-ll) 

-^2J,n ^ ^2Z,n-2^2J,n-l n odd 

-^2Z+l,n ^ ^2«+l,n-2^2/+l,n-l n even 

where the conventions and the exceptions follow from the consideration of the bound- 
ary plaquetes. 

A remarkable property of pt,u is that it maps Xi^ into a rational function of X\^ 
with a fixed I. Thus, to show that (pn) m+1 = 1 we may work at fixed I. In other 
words, we may effectively replace G by the trivial quiver A\. 



F Rational cases for (A%,Ai) and (A^Ai) 

In this appendix we discuss two additional examples for rational values of q, which 
shows very similar features to the (A 2 , A\) case already discussed in the main body 
of the paper. 

F.l The (A 3 ,A{) model 

The (A3, Ai) model has a quantum algebra A3 which is generated by three invertible 
elements, X, Y and Z with 

XY = qYX, YZ = qZY, XZ = ZX. (F.l) 

In particular XZ commutes with everything; therefore XZ is a non-zero complex 
number in any given irreducible representation of A3. We call this number p, 

XZ = p, pe C*. (F.2) 
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The central element XZ is invariant under the monodromy M. Thus we may consider 
the monodromy action restricted to Y, Z: 



Y ^ Z-\l-q 1,2 Y- 1 ) 

Z ^ p(l- q 1/2 Y + YZ)Z- 1 . 

Iterating three times the quantum monodromy ( IF. 31) one gets the identity map. 

Again, we set q equal to a primitive JV-th root of unity. Y N and Z N become 
central, and act as scalars in any given irreducible representation of the quantum A3 
algebra. An irreducible representation is labelled by the values of p and these two 
central elements that we call, respectively, y and z. Then, up to isomorphism, there 
is a unique representation of the .A3 algebra (where X = pZ^ 1 ) 

Y = y 1 / N dmg(q k ) k=0 ,..., N _ 1 (FA) 

y l/N N-l 

ZlJ = *l« 6 N (i - j - 1) ee z — 1 (l - J - 1)k , (F-5) 

k=0 

the choices of the A-roots in the overall factors being irrelevant up to isomorphism. 
Again, one has det[F] = (— l)^" 1 !/, det[Z] = (— l)^" 1 ^, and the action of the mon- 
odromy M on the central elements is determined by 



det[Y] ^ detlZ}- 1 det[l - q 1 ^- 1 } = (-1 



z 



det [Z] (-l)^- 1 ^ det[l - qV 2 Y + YZ)\ = (-l) N ~ 1 p N 1 <1 N ' 2 V + V^ 

z z 

which just says that the central elements q N / 2 X N , q N / 2 Y N and q N l 2 Z N transform 
under the quantum monodromy as the classical variables X, Y, and Z, in agreement 
with the general result of sect. 110. 11 

The (non-singular) fixed points (q N ^ 2 y, q N ' 2 z) of the monodromy are 

n N / 2 ii - 1 
q ( q N/2 y) 2 

where (q N/2 yf + p~ N = 0. (F.7) 
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The monodromy M is defined by the properties 



FM = Mr 1 (l-f 1/2 r 1 ) (F.8) 
ZM = pM(l - q 1/2 Y + YZ)Z~\ (F.9) 



In the representation (1F.4I)(1F.5|) . these equations become the recursion relations 

faX)- 1 q~ k {1 - X-Yfi- 1 ) (F.10) 

(F.ll) 



Af fc ,,_i 

M k , fj, q~ l 



M k _ u p\ l-\q>°-W 

To solve the recursions ( 1F.10[) (IF.llj) . we write M = AFB, with A, B diagonal ma- 
trices and F mn = N^ 1 ^ 2 q~ mn the Fourier transform, 

M Kl = -^=A k q~ kl B l (F.12) 
I 



r=l 



The diagonal matrices, A, 5, are just discrete quantum dilogarithms. Again, the 
periodicity property A k+N = A k and B t+N = B\ holds if and only if the classical fixed 
point conditions (IF.6pflF.7p are satisfied by (q 1 ^ 2 X) N = q N l 2 y and (q ,1 ^ 2 /x) iV = q 



N/2 



Z. 



M 3 is a central element of the quantum algebra. We normalize it by the condition 
M 3 = 1, which fixes it up to multiplication by a thrid root of unity. Its eigenvalues 
are exp(2nik/3) and 

2 

Tr N M e = J2 N k(N) exp(2vrzH/3), (F.15) 

fc=0 

with the set of eigenvalue multiplicities {Nq(N), N\(N), A^A 7 ")} well-defined only 
up to cyclic permutations. 

As in the (A2, A{) case, we have (finitely) many different realizations of the cluster 
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algebra at a given N, corresponding to the choices of the different root choices. 
The eigenvalue multiplicities, being integers, are independent of the free paramater 
p = XZ. 

Numerical experiments show that the structure of the sets {N (N), N±(N), N 2 (N)} 
for the (A3, Ai) model is very similar to that of the (A 2 , Ax) model: one has 

N k (N) = [N/3]+a k {N), \a k \ < 1, a k (N) = a k (N + 6), (F.16) 

(the periodicity being valid for coherent choices of the roots for the different iV's). 

F.2 The (A 4 ,A ± ) model 

The A4 quantum algebra is generated by four (invertible) generators X k satisfying 

X k X k+1 = qX k+1 X k: X 3 X k = X k X 3 if \j -k\>2. (F.17) 

An irreducible representation of the A4 quantum algebra with q a (primitive) iV-root 
of unity has dimension N 2 , and it is specified (up to isomorphism) by four (non-zero) 
complex numbers x±, X2, ^3, X4. The four generators are explicitly 

Xx = x\ /N S^ 1 ® 1 X 2 = x l 2 ,N 3n ® 1 (F.18) 

X 3 = xl /N S N ® S N X X A = x\ /N 1 ® 3n, (F.19) 

where 3v and Sn are the N x N matrices 

N-l 

3n = diag(COtez/vz, (S N ) kl = 5 N (k -l-l) = -J2 g (fe - W) - (F.20) 

r=0 
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The quantum monodromy M acts on A4 a? 4E 

Xf l M = M((l - q 1/2 X 2 )Xz 1 + X 5 
X 3 M = M^ 1 - cT 1 / 2 ^ 1 ^- 1 + g" 1 X 2 ^ 1 X 3 ~ 1 X 4 - 1 
X 4 M = m(x x - q~ ll2 X x X 2 + ? _1 X 1 X 2 X 3 - q~ 3/2 X 1 X 2 X 3 X 4 
X 2 X A M = m((1 - q 1/2 X 2 )X l X^j. 



(F.21) 
(F.22) 
(F.23) 
(F.24) 



One looks for an N 2 x N 2 matrix, M^n^n) (here k, I, m, n = 1, 2, . . . , N) with the 
properties flR2T]) - flR24l) in the given irreducible representation of A4. As in the 
previous examples, these conditions give recursion relations for the entries of the 
monodromy matrix. The general solution of the recursion is 



M (fc)0(m , n) = Cix 1 /x 2 ) m / N (x 1 x 2 x 3 /x i ) n / N (x 1 x 2 )- k / N (x 1 x 2 x 3 x i )- l / N x 



m—l 



x q 



m(n—k—l)—nl 



no 

r=0 



2 2 /A Y +1/2 ) X 



(F.25) 



n-l 



X 



11 1 - (x 2 /xtf/»q*—i 11 1 _ a-V^i/a 



which is, of course, a combination of discrete quantum dilogarithms. 

The condition of periodicity mod N in the four indices of M(f.,i)(m,n) fixes the al- 
lowed values of the central elements Xk for a consistent representation of the (A4, A\) 
quantum cluster algebra: 





= M ( 


M(k+N,l)(m,n) 


= M ( 


^"(fc,0("i+Af,n) 


= M ( 


M^k,l)(m,n+N) 


= M ( 



(k,l)(m,n) 
(k,l)(m,n) 
(k,l)(m,n) 
(k,l)(m,n) 



(q^x^q^x^q^x^q^x,) = 1 
(g Ar / 2 x 1 )(g Ar / 2 x 2 )(l-g^ 2 x 2 ) = 
= (1 - (g^ 2 )/(^ 4 )) 
(g Ar / 2 x 1 )(l-g Ar / 2 x 2 )=g JV / 2 x 2 

(g Ar / 2 x 1 )(g Ar / 2 x 2 )(g JV / 2 x 3 )(l - (^ 2 * 2 )/(^ 2 x 4 )) 
= {l-q N l 2 x,)){q N l 2 x A \ 
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This formula was deduced in the linear BPS chamber, see appendix iDl 
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which gives 



{f*x u ^ 2 * 2 , g^ 2 x 3 , q N ' 2 x,) = (x - I i A, A + 1 ) (F.26) 

where A is a solution to the cubic equation 

A 3 + A 2 - 2A - 1 = 

x f 2tt 4vr 6vrl (F.27) 

=>- A G < 2 cos — , 2 cos — , 2 cos — 
L 7 7 7 

Needless to say, eqns. flR26|)flFT27l) just state that the central quantity q N/2 X k N should 
be equal to the classical variable X k at a fixed point of the (classical) monodromy, 
in agreement with the quantum Frobenius theorem. 

The N 2 x N 2 matrix M, eqn. (lF.25p . satisfies M 7 = 1 (for a suitable overall 
constant C). Again, one can study the multiplicities Nk(N) of the seven possible 
eigenvalues exp(2-ni£/7) (well-defined up to cyclic permutations). 

The numerical experiments show again a strong tendency towards equidistribu- 
tion. In the range we explored (N < 13) one has 

N k (N) = [N 2 /7] + a k (N), with a k (N) = 0, 1. (F.28) 
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